Global weak solutions to 3D compressible Primitive equations with
  density-dependent viscosity by Wang, Fengchao et al.
ar
X
iv
:1
71
2.
04
18
0v
1 
 [m
ath
.A
P]
  1
2 D
ec
 20
17
GLOBAL WEAK SOLUTIONS TO 3D COMPRESSIBLE
PRIMITIVE EQUATIONS WITH DENSITY-DEPENDENT
VISCOSITY
FENGCHAO WANG
School of Mathematical Sciences, Capital Normal University, Beijing 100048, P. R. China
Email:wfcwymm@163.com
CHANGSHENG DOU
School of Statistics, Capital University of Economics and Business, Beijing 100070, P.R. China
Email: douchangsheng@cueb.edu.cn
QUANSEN JIU
School of Mathematical Sciences, Capital Normal University, Beijing 100048, P. R. China
Email: jiuqs@cnu.edu.cn
Abstract: This paper is devoted to investigating the global existence of weak
solutions for the compressible primitive equations (CPE) with damping term in
a three-dimensional torus for large initial data. The system takes into account
density-dependent viscosity. In our proof, we represent the vertical velocity as a
function of the density and the horizontal velocity which will play a role to use the
Faedo-Galerkin method to obtain the global existence of the approximate solutions.
Motivated by Vasseur and Yu [29], we obtain the key estimates of lower bound of
the density, the Bresch-Desjardin entropy on the approximate solutions. Based on
these estimates, using compactness arguments, we prove the global existence of weak
solutions of CPE by vanishing the parameters in our approximate system step by
step.
Keywords: global weak solutions; compressible primitive equations; density-
dependent viscosity.
1. Introduction
In this paper, we consider the following compressible primitive equations(CPE)
with density-dependent viscosity coefficients:
∂tρ+ divx(ρu) + ∂y(ρv) = 0,
∂t(ρu) + divx(ρu⊗ u) + ∂y(ρuv) +∇xP (ρ) + rρ|u|u
= 2divx(ν1Dx(u)) + ∂y(ν2∂yu),
∂yP (ρ) = −gρ, P (ρ) = c2ρ.
(1.1)
Here (t, x, y) are independent variables, t is the time, x and y are the horizontal
and vertical coordinate with x = (x1, x2), divx = ∂x1 + ∂x2 , Dx(u) is the strain
tensor with Dx(u) =
∇u+∇uT
2
, ρ is the density of the medium, u = (u, v) is the
velocity, where u is the horizontal component and v is the vertical component, P
1
2is the pressure, g > 0 is the free fall acceleration, and (ν1, ν2) are the turbulence
viscosities in the horizontal and vertical directions respectively.
Suppose that motion of the medium occurs in a bounded domain Ω˜ = {(x, y); x ∈
Ω˜x, 0 < y < H} where Ω˜x = T 2 is the bi-dimensional torus and the boundary
conditions on ∂Ω˜ are expressed by the relations
periodic condtions on ∂Ω˜x,
v|y=0 = v|y=H = 0,
∂yu|y=0 = ∂yu|y=H = 0.
(1.2)
The distribution of the horizontal component of the velocity and the density distri-
bution are known at the initial time t = 0:
ρu(0, x, y) = m˜0, ρ(0, x, y) = ρ0. (1.3)
The primitive equations (PEs) of the atmosphere model are fundamental one
of geophysical fluid dynamics (see [22, 5]). In the hierarchy of geophysical fluid
dynamics models, they are situated between non-hydrostatic models and shallow
water models. The PEs are based on the so-called hydrostatic approximation, in
which the conservation of momentum in the vertical direction is replaced by the
hydrostatic equation. It was Richaedson [24] that first introduced the PEs in 1922,
which consisted of the hydrodynamic thermodynamic equations with Coriolis force.
Later in 1950, Neumman and Charney [9] offered some simpler models such as
quasi-geostrophic (QG) equations.
The PEs have attracted many attentions in fluid mechanics and applied mathe-
matics such as [14, 23, 15, 25, 8, 28, 11], due to its physical importance,complexity,
rich phenomena and mathematical challenges. Mathematical arguments of incom-
pressible primitive equations were studied from 1990s. Lions, Temam and Wang first
made the mathematical analysis of the PEs for atmosphere models in [18]. These
authors have taken into account evaporation and solar heating with constant viscosi-
ties and they produced the mathematical formulation in two-and three- dimensions
based on the works of J.Leray and obtained the global existence of weak solutions.
Bresch et al [3] got the existence and uniqueness of weak solutions for the two-
dimensional hydrostatic Navier-Stokes equations. However, the uniqueness of weak
solutions in three-dimensional case is still unclear. The existence of strong solutions
of the PEs have been widely studied. In [28] Temam and Ziane considered the local
existence of strong solutions for the PEs of the atmosphere, the ocean and the cou-
pled atmosphere-ocean. Petcu et al. [23] considered some regularity results for the
two dimensional PEs with periodical boundary conditions. Cao and Titi [8] proved
the global existence and uniqueness of strong solutions to the three-dimensional
viscous incompressible primitive equations of large scale ocean and atmosphere dy-
namics. In the recent years, they also established the global existence of strong
solutions for the system with only vertical diffusion or horizontal eddy diffusivity.
Moreover, finite-time blowup of the solution for the inviscid primitive equation, with
or without coupling to the heat equation has been shown by Cao et al.[7].
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In order to understand the mechanism of long-term weather prediction and cli-
mate, some mathematicians begin to study the compressible primitive equation of
the atmosphere. As far as we know, the mathematical analysis to CPE is much
more difficult. In the case that the viscosity coefficients are constant, Gatapov and
Kazhikhov obtained a global existence of weak solutions for a two dimensional CPE
by taking the classical Schauder fixed point theorem in [6]. Ersoy and Ngom [10]
showed a similar result of [6] for 2D compressible primitive equations with the hor-
izontal viscosity ν1(t, x, y) = ν0e
−g/c2y for some given positive constant ν0 and the
vertical viscosity ν2 any given function. From the point of view of physics, the
viscosity may depend on density. In [11] Ersoy, Ngom and Sy derived a 3D CPE
with a friction term which is deduced from the 3D compressible and anisotropic
Navier-Stokes equations by hydrostatic approximation and obtained the stability of
the weak solutions. In [27], Tang and Gao studied the stability of weak solutions for
two dimensional CPE model by used a new entropy estimate. Since the viscosity
coefficient is density-dependent which degenerates at vacuum, it is not available to
obtain the estimate of the velocity itself. How to construct approximate solutions
is a major and difficult issue in this case. Up to now, the global existence of weak
solution for 3D CPE remains open as well.
Recently, the global existence of weak solutions for the barotropic compressible
Navier-Stokes equations with degenerate viscosity was proved by Vasseur and Yu [29]
and Li and Xin [17]. Motivated by the work of Vasseur and Yu [29] and Feireisl [12],
we will investigate the global existence of weak solutions to CPE (1.1) in this paper.
In our proof, we will first face a difficulty of how to estimate the vertical velocity w
since there is no equations on it. In order to overpass this difficulty, we represent
the vertical velocity w as a function of the density ξ and the horizontal velocity u
and use Faedo-Galerkin method to prove the existence of the approximate system.
Then, as mentioned above, the key issue in our proof is to construct the approximate
solutions satisfying lower bound of the density and Bresch-Desjardin entropy (see
[1, 2]). Similar to [29], we construct the approximate solutions by adding viscosity
term in the continuity equation, adding drag, cold pressure, quantum and higher
derivative terms in the momentum equation (see (3.1) for details). It should be
noted that the damping term in (1.1) can be dropped by proving a Mellet-Vasseur
type inequality (see [20, 29, 17]).
The rest of the paper is organized as follows. In section 2, we present some
elementary inequalities and compactness theorems which will be used frequently in
the whole proof. In section 3, we show the existence of global weak solutions to the
approximate system by using the Faedo-Galerkin method. In section 4, we deduce
the Bresch-Dejardins entropy estimates and pass to the limits as ε, µ→ 0. In section
5-6, by using the standard compactness arguments, we pass to the limits as η → 0
and κ = δ → 0 step by step.
2. Preliminaries and main result
In this section, we first introduce some basic inequalities needed later and then
state our main result. The following is the Gagliardo-Nirenberg inequality.
4Lemma 2.1. (see[21])(Gagliardo-Nirenberg interpolation inequality) For a function
u : Ω → R defined on a bounded Lipschitz domain Ω ⊂ Rn, ∀ 1 ≤ q, r ≤ ∞ and a
natural number m, Suppose also that a real number θ and a natural number j are
such that
1
p
=
j
n
+ (
1
r
− m
n
)θ +
1− θ
q
and
j
m
≤ θ ≤ 1,
then we have
‖Dju‖Lp ≤ C1‖Dmu‖θLr‖u‖1−θLq + C2‖u‖Ls
where s > 0 is arbitrary naturally, the constants C1 and C2 depend upon the domain
Ω as well as m,n, j, r, q, θ.
The following two compactness results are known:
Lemma 2.2. (see [26]) Let X0, X and X1 be three Banach spaces with X0 ⊆ X ⊆
X1. Suppose that X0 is compactly embedded in X and X is continuously embedded
in X1. For 1 ≤ p, q ≤ +∞, let
W = {u ∈ Lp([0, T ];X0) | ∂tu ∈ Lq([0, T ];X1)}.
(I) If p < +∞, then the embedding of W into Lp([0, T ];X) is compact.
(II) If p = +∞ and q > 1, then the embedding of W into C([0, T ];X) is compact.
Lemma 2.3. Suppose that {fn} ⊂ Lp(Ω) and ‖fn‖Lp ≤ C,C is constant. fn →
fa.e.in Ω, a bounded measurable set in Rn,Then
(I) f ∈ Lp(Ω) and ‖f‖Lp ≤ C.
(II) fn → f strongly in Lp, for any p ∈ [1, p).
Proof. Thanks to Fatou’s lemma, we can prove (I).
Next, since fn → f a.e. in Ω, fn is uniformly bounded in Lp(Ω), and mesΩ <∞.
Due to the Lebesgue theorem, and applying Ho¨lder inequality, we have
∀ ǫ > 0, Ωn = {x ∈ Ω; | fn(x)− f(x) |≥ ǫ}, mesΩn → 0 ( n→∞)
and ∫
Ω
|fn − f |pdx =
∫
Ωn
|fn − f |pdx+
∫
Ω−Ωn
|fn − f |pdx
≤ (mesΩn)1−
p
p ‖ fn − f ‖pp +ǫpmesΩ→ 0.

Before we state our main result, we reformulate the system (1.1) as follows. For
simplicity, we assume g = c2 = 1 in (1.1). From the hydrostatics equation
ρ(t, x, y) = ξ(t, x)e−y
where ξ(t, x) is an unknown function. Following Ersoy and Ngom [10], we set
z = 1− e−y, w(t, x, y) = e−yv(t, x, y)
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and assume
ν1(t, x, y) = ν1ρ(t, x, y), ν2(t, x, y) = ν2ρ(t, x, y)e
2y with νi > 0.
Then, the equations (1.1) reduce to
∂tξ + divx(ξu) + ∂z(ξw) = 0,
∂t(ξu) + divx(ξu⊗ u) + ∂z(ξuw) +∇xξ + rξ|u|u
= 2ν1divx(ξDx(u)) + ν2∂z(ξ∂zu),
∂zξ = 0.
(2.1)
Here t > 0, (x, z) ∈ Ω = {x ∈ Ωx, 0 < z < 1 − e−H}, where Ωx = T 2 is the
bi-dimensional torus.
Correspondingly, the boundary conditions have the form
periodic condtions on ∂Ωx,
w|z=0 = w|z=h = 0,
∂zu|z=0 = ∂zu|z=h = 0.
(2.2)
and the initial data can be imposed as
ξu(0, x, y) = m0(x, z), ξ(0, x) = ξ0(x). (2.3)
where h = 1−e−H ,m0(x, z) = m˜0(x, z)/(1−z) and ξ0(x) is a bounded non-negative
function
0 ≤ ξ0(x) ≤M < +∞.
We consider system (2.1) with the following initial conditions
ξ0 ∈ L1(Ω), ξ0 ln ξ0 − ξ0 + 1 ∈ L1(Ω), ξ0 ≥ 0, ∇x
√
ξ0 ∈ L2(Ω),
m0 = 0 if ξ0 = 0,
|m0|2
ξ0
∈ L1(Ω).
(2.4)
The defininition of the weak solutions is presented as follows.
Definition 2.1. We call (ξ, u, w) a weak solution to the problem (2.1)-(2.3) provided
that
(1) ξ, u, w belong to the classes
ξ ∈ L∞((0, T );L3(Ω)), √ξu ∈ L∞((0, T );L2(Ω)),√
ξ ∈ L∞((0, T );H1(Ω)), ξ 13u ∈ L2((0, T );L2(Ω)),√
ξ∇xu ∈ L2((0, T );L2(Ω)),
√
ξw ∈ L2((0, T );L2(Ω)),√
ξ∂zw ∈ L2((0, T );L2(Ω)),
√
ξ∂zu ∈ L2((0, T );L2(Ω))
(2.5)
(2) The equations (2.1) hold in the sense of D′((0, T )× Ω),
(3) (2.3) holds in D′(Ω).
6Formally, multiplying the momentum equation (2.1)2 by u and integrating by
parts we can deduce the following energy inequality
d
dt
∫
Ω
(ξ
u2
2
+ (ξ ln ξ − ξ + 1))dxdz +
∫
Ω
ξ(2ν1|Dx(u)|2 + ν2|∂zu|2)dxdz
+ r
∫
Ω
ξ|u|3dxdz ≤ 0.
(2.6)
To deal with the unknown vertical velocity w, we represent it as a function of
a function of the density and the horizontal velocity. Differentiating (2.1)1 with
respect to z, we obtain
∂zzw = −∂zdivx(ξu)
ξ
,
w |z=0= w |z=h= 0.
(2.7)
Solving (2.7) yields
w(z) = −divx(ξu˜(z))
ξ
+ z
divx(ξu)
ξ
. (2.8)
Then
∂zw(z) = −divx(ξu(z))
ξ
+
divx(ξu)
ξ
, (2.9)
where
u˜(z) =
∫ z
0
u(τ)dτ, u =
1
h
∫ h
0
u(τ)dτ.
Substitute (2.8)-(2.9) into (2.1) to arrive
∂tξ + divx(ξu) = 0,
∂t(ξu) + divx(ξu⊗ u) + ∂z(ξu(−divx(ξu˜(z))
ξ
+ z
divx(ξu)
ξ
)) +∇xξ + rξ|u|u
= 2ν1divx(ξDx(u)) + ν2∂z(ξ∂zu),
∂zξ = 0.
(2.10)
However, the above energy estimate (2.6) is not enough to prove the stability of
the weak solutions (ξ, u, w) of (2.1), we will obtain the following Bresch-Desjardins
entropy:∫
Ω
1
2
ξ(u+ 2ν1
∇xξ
ξ
)2 + (ξ ln ξ − ξ + 1) dxdz +
∫ T
0
∫
Ω
8ν1|∇x
√
ξ|2dxdzdt
+
∫ T
0
∫
Ω
2ν1ξ|∂zw|2 + ν2ξ|∂zu|2 + ν1ξ|Ax(u)|2dxdzdt+ r
∫ T
0
∫
Ω
|u|3dxdt
≤
∫
Ω
1
2
ξ0(u0 + 2ν1
∇xξ0
ξ0
)2 + (ξ0 ln ξ0 − ξ0 + 1) dxdz + C,
(2.11)
where C is bounded by the initial energy.
Now we state our result as follows.
global weak solutions to 3D Compressible Primitive equations 7
Theorem 2.1. Suppose that the initial data satisfies (2.4). Then, for any T > 0,
(2.1)-(2.3) has a weak solution (ξ, u, w) in the sense of Definition 2.1 satisfying (2.6)
and (2.11).
Remark 2.1. The expression w(z) = −divx(ξu˜(z))
ξ
+ z divx(ξu)
ξ
is crucial to allow us to
use the Faedo-Galerkin method in Section 3.
Remark 2.2. The damping term ξ|u|u here is used to give the strong convergence of√
ξu in L2(0, T ;L2(Ω). Following the approach in [30], we can similarly deduce the
Mellet-Vasseur inequality for weak solutions, and the damping term can be removed.
Remark 2.3. If we assume that the viscous νi(t, x, y) = νiρ(t, x, y), i = 1, 2 we
can also obtain the existence of weak solutions to the three-dimensional compressible
primitive equations. In this case, 1 − z is bounded away from below with a positive
constant.
Theorem 2.2. Under similar argument to Theorem 2.1, (1.1)-(1.3) has a weak
solution (ξ, u, v) in the sense of Definition 2.1 if we replace (ξ, u, w) by (ρ, u, v).
3. Faedo-Galerkin approximation
In this section, we prove the existence of solutions to the approximate system
of the original problem (2.1)-(2.3) by using the Faedo-Galerkin method, similar to
[[12], Chapter. 7] and [16, 29].
3.1. Approximate system. In order to prove the global existence of weak solutions
for the compressible primitive equations, we consider the following approximate
system:
∂tξ + divx(ξu) = ε∆xξ,
∂t(ξu) + divx(ξu⊗ u) + ∂z(ξuw) +∇xξ + r0u+ rξ|u|u+ µ∆2u
= 2ν1divx(ξDx(u)) + ν2∂z(ξ∂zu) + ε∇x · ∇xu+ η∇xξ−10+
κξ∇x(∆x
√
ξ√
ξ
) + δξ∇x∆5xξ
∂zξ = 0.
(3.1)
The extra terms η∇ξ−10 and δξ∇x∆5xξ are necessary to keep the density bounded,
and bounded away from below with a positive constant for all the time. This enables
us to take ∇ξ
ξ
as a test function to derive the B-D entropy. Moreover, the term r0u
is used to control the density near the vacuum, ξ|u|u is used to make sure that √ξu
is strong convergence in L2(0, T ;L2(Ω)) at the last approximation level.
For T > 0, we define a finite-dimensional space Xn=span{ψ1, ...ψn}, n ∈ N, where
ψn is the eigenfunctions of the Laplacian:
−∆ψn = λnψn, on Ω,
periodic condtions on ∂Ωx,
∂zψn|z=0 = ∂zψn|z=h = 0.
8Here {ψi} is an orthonormal basis of L2(Ω) which is also an orthogonal basis of
H1(Ω). Let (ξ0, u0) ∈ C∞(Ω) be some initial data satisfying ξ0 ≥ ς > 0 for some
ς > 0, and let the velocity u ∈ C([0, T ];Xn) satisfying
u(x, t) =
n∑
i=1
λi(t)ψi(x, z), (t, x, z) ∈ [0, T ]× Ω
Since Xn is a finite-dimensional space, all the norms are equivalence on Xn. There-
fore, u is bounded in C([0, T ];Ck(Ω)) for any k ∈ N and there exists a constant
C > 0 depending on k such that
‖u‖C([0,T ];Ck(Ω)) ≤ C‖u‖C([0,T ];L2(Ω)). (3.2)
Then the approximate of the continuity equation is defined as follows:{
∂tξ + divx(ξu) = ε∆xξ,
ξ0 ∈ C∞(Ω), ξ0 ≥ ς > 0, (3.3)
In order to show the well-posedness of the parabolic problem (3.3), we introduce the
following lemma:
Lemma 3.1. [19] Let Ω ⊂ R3 be a bounded domain of class C2,α, α ∈ (0, 1) and
let u ∈ C([0, T ];Xn) be a given vector field. If the initial data ξ0 ≥ ς ≥ 0, ξ0 ∈
C2,α(Ω), then there exists a unique classical solution ξ = ξu to the problem (3.3),
more specifically,
ξ ∈ C([0, T ];C2,α(Ω)), ∂tξ ∈ C([0, T ];C0,α(Ω)). (3.4)
Moreover, it is easy to prove that the system (3.3) exists an unique classical
solution ξ ∈ C1([0, T ];C11(Ω)) by using the bootstrap method and Lemma 3.1 due
to the given function u ∈ C([0, T ];Xn) .
Furthermore, if 0 < ξ ≤ ξ ≤ ξ and divxu ∈ L1([0, T ];L∞(Ω)), the maximum
principle gives
ξ(x, t) ≥ 0.
We define Lξ = ∂tξ + divx(ξu)− ε△xξ. By direct calculation, we can obtain
L(ξe
∫ T
0
‖divxu‖L∞dt) = ξe
∫ T
0
‖divu‖L∞dt(‖divxu‖L∞ + divxu) ≥ 0,
L(ξe−
∫ T
0
‖divxu‖L∞dt) ≤ 0, Lξ = 0.
So ξe
∫ T
0
‖divxu‖L∞dt and ξe−
∫ T
0
‖divxu‖L∞dt are super solutions and sub solutions to the
equation (3.3) due to 0 < ξ ≤ ξ ≤ ξ respectively. By using the comparison principle,
we can obtain
0 < ξe−
∫ T
0
‖divxu‖L∞dt ≤ ξ(x, t) ≤ ξe
∫ T
0
‖divxu‖L∞dt, ∀x ∈ Ω, t ≥ 0. (3.5)
Next we will show that the solution of the equation (3.3) depends on the velocity
u continuously. Let ξ1, ξ2 are two solutions with the same initial data (3.3)2, i.e.
∂tξ1 + divx(ξ1u1) = ε∆xξ1, ∂tξ2 + divx(ξ2u2) = ε∆xξ2.
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Subtracting the above two equations, multiplying the result equation with −∆x(ξ1−
ξ2) + (ξ1 − ξ2) and integrating by parts with respect to x over Ω, we have
sup
t∈[0,τ ]
‖ξ1 − ξ2‖H1 ≤ τC(ξ0, ε, ‖u1‖L1((0,τ);W 1,∞), ‖u1‖L1((0,τ);W 1,∞))‖u1 − u2‖H1.
Moreover, for u ∈ C([0, T ];Xn) a given vector field, by using the bootstrap method
and compactness analysis, we can prove
‖ξ1 − ξ2‖C([0,τ ];C11(Ω))
≤ τC(ξ0, ε, ‖u1‖L1((0,τ);Xn), ‖u1‖L1((0,τ);Xn))‖u1 − u2‖C([0,τ ];Xn).
(3.6)
According to the mass equation, we construct the operator S : C([0, T ];Xn) →
C([0, T ];C11(Ω)) by S(u) = ξ. Due to Lemma 3.1, (3.5) and (3.6), we have the
following proposition.
Proposition 3.1. If 0 < ξ ≤ ξ ≤ ξ, ξ0 ∈ C∞(Ω), u ∈ C([0, T ];Xn), then there
exists an operator S : C([0, T ];Xn)→ C([0, T ];C11(Ω)) satisfying
• ξ = S(u) is an unique solution to the problem (3.3).
• 0 < ξe−
∫ T
0
‖divxu‖L∞dt ≤ ξ(x, t) ≤ ξe
∫ T
0
‖divxu‖L∞dt, ∀x ∈ Ω, t ≥ 0.
• ‖S(u1)− S(u2)‖C([0,τ ];C11(Ω))
≤ τC(ξ0, ε, ‖u1‖L1((0,τ);Xn), ‖u1‖L1((0,T τ);Xn))‖u1 − u2‖C([0,τ ];Xn),
for any τ ∈ [0, T ] and u1, u2 ∈ Mk = {u ∈ C([0, T ];Xn); ‖u‖C([0,T ];Xn) ≤
k, t ∈ [0, T ]}.
Remark 3.1. Proposition 3.1 implies the operator S is Lipschitz continuous for
sufficient small time t.
3.2. Faedo-Galerkin approximation. We intend to solve the momentum equa-
tion on the space Xn. For any test function ϕ ∈ Xn, the approximate solutions
un ∈ (0, T ;Xn) looking for are required to satisfy∫
Ω
ξnun(T )ϕdxdz −
∫
Ω
m0ϕdxdz + µ
∫ T
0
∫
Ω
∆un ·∆ϕdxdzdt
−
∫ T
0
∫
Ω
ξnunwn∂zϕdxdzdt−
∫ T
0
∫
Ω
(ξnun ⊗ un) · ∇xϕdxdzdt
+ 2ν1
∫ T
0
∫
Ω
ξnDx(un) · ∇xϕdxdzdt−
∫ T
0
∫
Ω
ξndivxϕdxdzdt
+ ν2
∫ T
0
∫
Ω
ξn∂zun∂zϕdxdzdt+ η
∫ T
0
∫
Ω
ξ−10n divxϕdxdzdt
+ ε
∫ T
0
∫
Ω
∇xξn · ∇xunϕdxdzdt+ r0
∫ T
0
∫
Ω
unϕdxdzdt
+ r
∫ T
0
∫
Ω
ξn|un|unϕdxdt− δ
∫ T
0
∫
Ω
ξn∇x∆5xξnϕdxdzdt
= −2κ
∫ T
0
∫
Ω
∆x
√
ξn∇x
√
ξnϕdxdzdt− κ
∫ T
0
∫
Ω
∆x
√
ξn
√
ξndivxϕdxdzdt,
(3.7)
10
where
wn = −divx(ξnu˜n))
ξn
+ z
divx(ξnun)
ξn
and
ξn = S(un).
To solve (3.7), we follow the same arguments as in [12, 13, 16], and introduce the
following family of operators
M[ξ] : Xn → X∗n, <M[ξ]u, v >=
∫
Ω
ξu · vdx, u, v ∈ Xn.
Due to Lax-Milgram theorem, the above operators M [ξ] are invertible provided
ξ ∈ L1(Ω) with ξ > ξ > 0, and then we have
‖M−1[ξ]‖L(X∗n,Xn) ≤ ξ−1,
where L(X∗n, Xn) is the set of bounded liner mappings from X∗n to Xn. Moreover,
M−1[ξ1]−M−1[ξ2] =M−1[ξ2]M[ξ2]M−1[ξ1]−M−1[ξ2]M[ξ1]M−1[ξ1]
=M−1[ξ2](M[ξ2]−M[ξ1])M−1[ξ1],
which imply that the operators M−1[ρ] is Lipschitz continuous in the sense
‖M−1[ξ1]−M−1[ξ2]‖L(X∗n,Xn) ≤ C(n, ξ)‖ξ1 − ξ2‖L1(Ω)
for ξ1, ξ2 ∈ L1(Ω) with ξ1, ξ2 ≥ ξ > 0. Then the integral equation (3.7) can be
rephrased as follows
un(t) =M−1[(S(un)(t)]
(M[ξ0](u0) + ∫ T
0
N (S(un), un)(s)ds
)
, (3.8)
where
N (S(un), un)(s) = 2ν1divx(ξDx(un)) + ν2∂z(ξ∂zun)− divx(ξun ⊗ un)− ∂z(ξunwn)
− µ∆2un − ε∇xξ · ∇xun + κξ∇x(∆x
√
ξ√
ξ
)−∇xξ + η∇ξ−10
− r0un − rξ|un|un + δξ∇x∆5xξ.
In view of the Lipschitz continuous estimates for S and M−1, the equation (3.8)
can be solved on a short time [0, T
′
], where T
′ ≤ T , by using the fixed-point theorem
on the Banach space C([0, T ];Xn). Thus there exists a unique local-in-time solution
(ξn, un, wn)) to (3.3) and (3.8).
Next we will extend this obtained local solution to be a global one. Differentiating
(3.7) with respect to time t, taking ϕ = un and integrating by parts with respect to
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x over Ω, we have the following energy estimate∫
Ω
d
dt
ξn(
u2n
2
)dxdz +
∫
Ω
∇xξn · undxdz + r0
∫
Ω
u2ndxdz + r
∫
Ω
ξn|un|3dxdz
+ µ
∫
Ω
|∆un|2dxdz + 2ν1
∫
Ω
ξn|Dxun|2dxdz + ν2
∫
Ω
ξn|∂zun|2dxdz−
η
∫
Ω
∇xξ−10n undxdz + κ
∫
Ω
∆x
√
ξn√
ξn
divx(ξnun)dxdz + δ
∫
Ω
∆5xξndivx(ξnun)dxdz
= 0
(3.9)
Furthermore, we estimate the terms of the left hand side one by one:∫
Ω
∇xξn · undxdz =
∫
Ω
∇x ln ξn · ξnundxdz
=
∫
Ω
ln ξn(∂tξn − ǫ∆xξn + ∂z(ξnwn))dxdz
=
d
dt
∫
Ω
ξn ln ξn − ξn + 1dxdz + 4ǫ
∫
Ω
|∇x
√
ξn|2dxdz
(3.10)
where we used (2.8), ∂zξ = 0 and integration by parts. Next we will deal with the
cold pressure and high order derivative of the density terms as follows
−η
∫
Ω
∇xξ−10n · undxdz = −
10
11
η
∫
Ω
ξnun · ∇xξ−11n dxdz
=
10
11
η
∫
Ω
ξ−11n [ε∆xξn − ∂tξn − ∂z(ξnwn)]dxdz
=
1
11
η
d
dt
∫
Ω
ξ−10n dxdz +
2
5
ηε
∫
Ω
|∇xξ−5n |2dxdz,
(3.11)
δ
∫
Ω
divx(ξnun)∆
5
xξn = δ
∫
Ω
[ε∆xξn − ∂tξn − ∂z(ξnwn)]∆5xξndxdz
=
δ
2
d
dt
∫
Ω
|∇x∆2xξn|2dxdz + δε
∫
Ω
|∆3xξn|2dxdz.
(3.12)
Finally, we will estimate the quantum term
κ
∫
Ω
∆x
√
ξn√
ξn
divx(ξnun)dxdz = κ
∫
Ω
∆x
√
ξn√
ξn
[ε∆xξn − ∂tξn − ∂z(ξnwn]dxdz
= κ
d
dt
∫
Ω
|∇x
√
ξn|2dxdz + κε
2
∫
Ω
ξn|∇2x ln ξn|2dxdz,
(3.13)
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where we used
2ξn∇x(∆x
√
ξn√
ξn
) = 2ξn∇x(divx(∇x
√
ξn√
ξn
)−∇x
√
ξn · ∇x( 1√
ξn
))
= ξndivx(∇2x ln ξn) +
1
2
ξn∇x(∇x ln ξn)2
= divx(ξn∇2x ln ξn).
Substituting (3.10)-(3.13) into (3.9), we have the following energy balance
d
dt
E(ξn, un) + 4ǫ
∫
Ω
|∇x
√
ξn|2dxdz + r0
∫
Ω
u2ndxdz + r
∫
Ω
ξn|un|3dxdz
+
∫
Ω
2ν1ξn|Dx(un)|2dxdz +
∫
Ω
ν2ξn|∂zun|2dxdz + µ
∫
Ω
|∆un|2dxdz
+
2
5
ηǫ
∫
Ω
|∇xξ−5n |2dxdz +
κǫ
2
∫
Ω
ξn|∇x ln ξn|2dxdz + δǫ
∫
Ω
|∆3xξn|2dxdz = 0,
(3.14)
on [0, T
′
], where
E(ξn, un) =
∫
Ω
1
2
ξnu
2
n+ ξn ln ξn− ξn+1+
1
11
ηξ−10n + κ|∇x
√
ξn|2 + δ
2
|∇x∆2xξn|2dxdz
and
E0(ξn, un) =
∫
Ω
1
2
ξ0u
2
0+ ξ0 ln ξ0− ξ0+1+
1
11
ηξ−100 + κ|∇x
√
ξ0|2+ δ
2
|∇x∆2xξ0|2dxdz.
So the energy inequality (3.14) yields∫ T ′
0
‖∆un‖2L2dt ≤ E0(ξn, un) < +∞, (3.15)
Thanks to dimXn < ∞ and (3.5), the density is bounded and bounded away from
blow with a positive constant, which means there exists a constant c > 0 such that
0 <
1
c
≤ ξn ≤ c, (3.16)
for all t ∈ [0, T ′). Furthermore, the basic energy equality also gives us
sup
t∈(0,T ′ )
∫
Ω
ξnu
2
ndxdz ≤ C <∞, (3.17)
which together with (3.16), implies
sup
t∈(0,T ′ )
‖un‖L∞ ≤ C <∞, (3.18)
where we have used the fact that all the norms are equivalence on Xn. Then we
can repeat above argument many times, we can extend T
′
to T and obtain un ∈
C([0, T ];Xn). Thus there exists a global solution (ξn, un, wn)) to (3.3), (3.8) for any
time T . By the energy inequality(3.14), we have
sup
t∈(0,T )
∫
Ω
√
ξnu
2
ndxdz ≤ E0(ξn, un).
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Then we can prove∫
Ω
ξnu
2
ndxdz =
∫
Ω
ξn(
∫ h
0
1
h
un(τ)dτ)
2dxdz
≤
∫
Ω
ξn
1
h2
(
∫ h
0
12dτ)(
∫ h
0
u2n(τ)dτ)dxdz
≤ 1
h
∫ h
0
E0(ξn, un)dz ≤ E0(ξn, un)
and ∫
Ω
ξnu˜
2
ndxdz =
∫
Ω
ξn(
∫ z
0
un(τ)dτ)
2dxdz
≤
∫
Ω
ξn(
∫ h
0
12dτ)(
∫ h
0
u2n(τ)dτ)dxdz
≤ h
∫ h
0
E0(ξn, un)dz ≤ h2E0(ξn, un).
Furthermore, the basic energy also gives us
sup
t∈(0,T )
∫
Ω
δ|∇x∆2xξn|2dxdz ≤ E0(ξn, un),
which together with (3.16) implies that ξ(x, t) is a positive smooth function for
all (x, t). Then the energy inequality allows us to present the following lemma
(see[29, 16]).
Lemma 3.2. For any smooth positive function ξ(x, t), the following uniform esti-
mate holds
(κε)
1
2‖
√
ξn‖L2(0,T ;H2(Ω)) + (κε) 14‖∇xξ
1
4
n ‖L4(0,T ;L4(Ω)) ≤ C, (3.19)
for some constant C > 0 which is independent of N
To conclude this part, we have the following proposition on the approximate
solutions (ξn, un, wn):
Proposition 3.2. Let (ξn, un, wn) be the solutions of (3.3) and (3.8) on (0, T )× Ω
constructed above, then the solutions must satisfy the energy inequality
E(ξn, un) + 4ǫ
∫ T
0
∫
Ω
|∇x
√
ξn|2dxdzdt+ r0
∫ T
0
∫
Ω
u2ndxdzdt
+ r
∫ T
0
∫
Ω
ξn|un|3dxdzdt +
∫ T
0
∫
Ω
2ν1ξn|Dx(un)|2dxdzdt
+
∫ T
0
∫
Ω
ν2ξn|∂zun|2dxdzdt + µ
∫ T
0
∫
Ω
|∆xun|2dxdzdt
+
2
5
ηǫ
∫ T
0
∫
Ω
|∇xξ−5n |2dxdzdt +
κǫ
2
∫ T
0
∫
Ω
ξn|∇x ln ξn|2dxdzdt
+ δǫ
∫ T
0
∫
Ω
|∆3xξn|2dxdzdt ≤ E(ξ0, u0),
(3.20)
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where
E(ξn, un) =
∫
Ω
1
2
ξnu
2
n+ ξn ln ξn− ξn+1+
1
11
ηξ−10n +κ|∇x
√
ξn|2+ δ
2
|∇x∆2xξn|2dxdz.
In particular, we have√
ξnun ∈ L∞(0, T ;L2), ξn ln ξn − ξn + 1 ∈ L∞(0, T ;L1), ηξ−10n ∈ L∞(0, T ;L1),√
ν1
√
ξnDxun ∈ L2(0, T ;L2),√µ∆un ∈ L2(0, T ;L2),
√
κ
√
ξn ∈ L∞(0, T ;H1),√
δξn ∈ L∞(0, T ;H5),
√
ε∇x
√
ξn ∈ L2(0, T ;L2),
√
ν2
√
ξn∂zun ∈ L2(0, T ;L2)
√
εη∇ξ−5n ∈ L2(0, T ;L2),
√
δεξn ∈ L2(0, T ;H6),√r0un ∈ L2(0, T ;L2),
ξ
1
3
nun ∈ L3(0, T ;L3),
√
κε
√
ξn ∈ L2(0, T ;H2), 4
√
κε∇xξ
1
4
n ∈ L4(0, T ;L4),√
ξnun ∈ L∞(0, T ;L2),
√
ξnu˜n ∈ L∞(0, T ;L2).
(3.21)
3.3. Passing to the limits as n→∞. We fix ε, η, κ, µ, δ, r0 > 0 and take first the
limit as n→ ∞. Here we need the regularities of the solution, Lemma 2.2 and the
following compactness results.
3.3.1. Convergence of ξn.
Lemma 3.3. The following estimates hold for any fixed positive constants ε, η, κ,
µ, δ, r0:
‖∂t
√
ξn‖L∞(0,T ;W−1,32 ) + ‖
√
ξn‖L2(0,T ;H2) ≤ K,
‖ξn‖L∞(0,T ;H5) + ‖∂tξn‖L∞(0,T ;W−1, 32 ) ≤ K, ‖ξ
−10
n ‖L 53 (0,T ;L 53 ) ≤ K,
(3.22)
where K is independent of n, depends on ε, η, δ,r0, initial data and T . Moreover,
up to an extracted subsequence√
ξn →
√
ξ strongly in L2([0, T ];H1) and
√
ξn →
√
ξ a.e.,
ξn → ξ strongly in C([0, T ];H5) and ξn → ξ a.e.,
ξ−10n → ξ−10 strongly in L1(0, T ;L1) and ξ−10n → ξ−10 a.e.
(3.23)
Proof. Since
√
ξn ∈ L∞(0, T ;H1), we deduce that
√
ξn ∈ L∞(0, T ;L6). Then
ξnun =
√
ξn
√
ξnun ∈ L∞(0, T ;L 32 ).
By (3.3), we have
∂tξn = ε∆xξn − divx(ξnun)
= ε∆xξn − divx(
√
ξn
√
ξnun) ∈ L∞(0, T ;W−1, 32 )
(3.24)
By using (3.24), ξn ∈ L∞(0, T ;H5) ∩ L2(0, T ;H6) and Lemma 2.2, we can claim
ξn ∈ C([0, T ];H5). So up to a subsequence, we have
ξn → ξ strongly in C([0, T ];H5) and ξn → ξ a.e.
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Next we claim that ξ−10n is bounded in L
5
3 (0, T ;L
5
3 ). Thanks to ∇ξ−5n is bounded
in L2(0, T ;L2), and the Sobolev embedding theorem, we obtain ξn is bounded in
L1(0, T ;L3). Note that
ξ−10n ∈ L∞(0, T ;L1).
Then we apply Ho¨lder inequality to have
‖ξ−10n ‖L 53 (0,T ;L 53 ) ≤ ‖ξ
−10
n ‖
2
5
L∞(0,T ;L1)‖ξ−10n ‖
3
5
L1(0,T ;L3) ≤ K. (3.25)
Meanwhile, by using the following Sobolve inequality (see[4, 31])
‖ξ−1n ‖L∞ ≤ C(1 + ‖ξ−1n ‖L3)3(1 + ‖ξn‖2Hk+2),
for k ≥ 3
2
, and the estimates of density in (3.21) ,we get
‖ξ−1n ‖L∞ ≤ C(η, δ), a.e. ∈ (0, T )× Ω. (3.26)
Thus, we have ξ−10n converges almost everywhere to ξ
−10. Thanks to (3.25) and
lemma 2.3, we have
ξ−10n → ξ−10 strongly in L1(0, T ;L1).
Using again the mass equation (3.3), we have
∂t
√
ξn =
1
2
1√
ξn
(ε∆xξn − divx(
√
ξn
√
ξnun)),
which combines with (3.26) and ∂tξn ∈ L∞(0, T ;W−1, 32 ), we have
∂t
√
ξn ∈ L∞(0, T ;W−1, 32 ).
Notice that
√
ξn ∈ L2(0, T ;H2), using Lemma 2.2, we get√
ξn →
√
ξ strongly in L2([0, T ];H1) and
√
ξn →
√
ξ a.e..
Then the proof of this lemma is completed. 
3.3.2. Convergence of momentum ξnun.
Lemma 3.4. Up to an extracted subsequence, we have
ξnun → ξu strongly in L2(0, T ;L2) and ξnun → ξu a.e..
Proof. From the energy estimates, we know that un is bounded in L
2(0, T ;L2). So
up to a subsequence, we have
un ⇀ u in L
2(0, T ;L2).
Recalling that ξn → ξ strongly in C([0, T ];H5), we have
ξnun → ξu stronly in L1(0, T ;L1).
Moreover, since ξn ∈ L∞(0, T ;H5), un ∈ L2(0, T ;H2),
√
ξn∂zun ∈ L2(0, T ;L2), we
can show
∇(ξnun) = ∇xξnun + ξn∇xun + ξn∂zun ∈ L2(0, T ;L2).
This identity and ξnun ∈ L2(0, T ;L2) give ξnun ∈ L2(0, T ;H1). Next we can prove
∂t(ξnun) ∈ L2(0, T ;H−s) for some s > 0.
16
In fact,
∂t(ξnun) =− divx(ξnun ⊗ un)− ∂z(ξnunwn)−∇xξn − r0un − rξ|un|un − µ∆2un
+ 2ν1divx(ξnDx(un)) + ν2∂z(ξn∂zun) + ε∇xξn · ∇xun + η∇xξ−10n
+ κξn∇x(∆x
√
ξn√
ξn
) + δξn∇x∆5xξn.
(3.27)
where
∂z(ξnunwn) = ∂z(ξnun(−divx(ξnu˜n)
ξn
+ z
divx(ξnun)
ξn
))
= ∂z(−divx(ξnu˜n ⊗ un) + ξnu˜n · ∇xun
+ zdivx(ξnun ⊗ un)− zξnun · ∇xun).
(3.28)
Based on the energy estimates (3.21), it is easy to check that ∂t(ξnun) ∈ L2(0, T ;
H−5). Then, we can show
ξnun → g strongly in L2(0, T ;L2), for some function g ∈ L2(0, T ;L2).
Moreover, since ξnun → ξu strongly in L1(0, T ;L1), we have
ξnun → ξu strongly in L2(0, T ;L2).
Thus the proof of this lemma is completed. 
3.3.3. Convergence of
√
ξnun, Convergence of
√
ξnu˜n, Convergence of
√
ξnun.
Lemma 3.5. Up to an extracted subsequence, we have√
ξnun →
√
ξu strongly in L2(0, T ;L2),√
ξnu˜n →
√
ξu˜ strongly in L2(0, T ;L2),√
ξnun →
√
ξu strongly in L2(0, T ;L2).
Remark:
√
ξnun →
√
ξu,
√
ξnu˜n →
√
ξu˜ and
√
ξnun →
√
ξu a.e..
Proof. Due to the above basic energy estimates, Fatou’s Lemma gives∫ T
0
∫
Ω
ξ|u|3dxdzdt ≤
∫ T
0
∫
Ω
lim inf ξn|un|3dxdzdt ≤ lim inf
∫ T
0
∫
Ω
ξn|un|3dxdzdt,
and hence ξ|u|3 is bounded in L1(0, T ;L1(Ω)).
By Lemma 3.4, up to subsequence, we have
√
ξn →
√
ξ and ξnun → ξu almost
everywhere. Then, it’s easy to show that√
ξnun →
√
ξu, a.e. in {ξn(x, t) 6= 0}.
And for almost every (x, z, t) in {ξn(x, t) = 0}, we have√
ξnunl|un|≤M ≤M
√
ξn = 0 =
√
ξul|u|≤M .
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As a matter of fact,
√
ξnunl|un|≤M converges to
√
ξul|u|≤M almost everywhere
for (x, t). Meanwhile,
√
ξnunl|un|≤M is uniformly bounded in L
∞(0, T ;L6). Using
Lemma 2.3, we obtain√
ξnunl|un|≤M →
√
ξul|u|≤M strongly in L
2(0, T ;L2). (3.29)
For any M > 0, we have∫ T
0
∫
Ω
|
√
ξnun −
√
ξu|2dxdzdt
≤ 2
∫ T
0
∫
Ω
|
√
ξnunl|un|≤M −
√
ξul|u|≤M |2dxdzdt
+ 4
∫ T
0
∫
Ω
|
√
ξnunl|un|≥M |2dxdzdt+ 4
∫ T
0
∫
Ω
|
√
ξul|u|≥M |2dxdzdt
≤ 2
∫ T
0
∫
Ω
|
√
ξnunl|un|≤M −
√
ξul|u|≤M |2dxdzdt
+
4
M
∫ T
0
∫
Ω
ξn|un|3dxdzdt + 4
M
∫ T
0
∫
Ω
ξ|u|3dxdzdt
(3.30)
Thanks to (3.29) and ξ|u|3, ξn|un|3 are bounded in L1(0, T ;L1(Ω)), letting M →
∞, we have √
ξnun →
√
ξu strongly in L2(0, T ;L2).
Recalling that u = 1
h
∫ h
0
u(τ)dτ , similar to the above proof, we have
√
ξnunl|un|≤M →
√
ξul|u|≤M strongly in L
2(0, T ;L2). (3.31)
Then ∫ T
0
∫
Ω
|
√
ξnun −
√
ξu|2dxdzdt
≤ 2
∫ T
0
∫
Ω
|
√
ξnunl|un|≤M −
√
ξul|u|≤M |2dxdzdt
+ 4
∫ T
0
∫
Ω
|
√
ξnunl|un|≥M |2dxdzdt + 4
∫ T
0
∫
Ω
|
√
ξul|u|≥M |2dxdzdt
≤ 2
∫ T
0
∫
Ω
|
√
ξnunl|un|≤M −
√
ξul|u|≤M |2dxdzdt
+
4
M
∫ T
0
∫
Ω
ξn|un|3dxdzdt + 4
M
∫ T
0
∫
Ω
ξ|u|3dxdzdt.
(3.32)
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Due to the Fatou’s Lemma and Ho¨lder inequality, we get∫ T
0
∫
Ω
ξ|u|3dxdzdt ≤
∫ T
0
∫
Ω
lim inf ξn|un|3dxdzdt
≤ lim inf
∫ T
0
∫
Ω
ξn|un|3dxdzdt
≤ lim inf
∫ T
0
∫
Ω
ξn|1
h
∫ h
0
un(τ)dτ |3dxdzdt
≤ lim inf 1
h
∫ T
0
∫
Ω
ξn
∫ h
0
|un(τ)|3dτdxdzdt
≤ lim inf 1
h
∫ h
0
∫ T
0
∫
Ωx
∫ h
0
ξn|un(τ)|3dτdxdtdz
≤ lim inf E0(ξ0, u0)
h
∫ h
0
dz ≤ E0(ξ0, u0).
(3.33)
Then (3.33) and (3.31) gives
‖
√
ξnun −
√
ξu ‖L2(0,T ;L2(Ω))≤ C√
M
for fixed C > 0. we take M →∞ to get√
ξnun →
√
ξu strongly in L2(0, T ;L2).
Similarly, for u˜ = 1
h
∫ h
0
u(τ)dτ , we can obtain√
ξnu˜n →
√
ξu˜ strongly in L2(0, T ;L2).
Thus the proof of this lemma is completed. 
3.3.4. Convergence of ∂z(ξnunwn). Let ϕ ∈ C∞0 ([0, T ]; Ω) be a smooth function with
compact support such as ϕ(T, x, z) = 0 and ϕ(0, x, z) = ϕ0(x, z). With (3.28), we
have
∫ T
0
∫
Ω
∂z(ξnunwn) · ϕdxdzdt = −
∫ T
0
∫
Ω
ξnunwn · ∂zϕdxdzdt
= −
∫ T
0
∫
Ω
un(−divx(ξnu˜n) + zdivx(ξnun)) · ∂zϕdxdzdt
= −
∫ T
0
∫
Ω
(−divx(ξnu˜n ⊗ un) + ξnu˜n · ∇xun + zdivx(ξnun ⊗ un)
− zξnun · ∇xun) · ∂zϕdxdzdt
= −
∫ T
0
∫
Ω
ξnu˜n ⊗ un : ∂z∇xϕdxdzdt+
∫ T
0
∫
Ω
ξnun ⊗ un : z∂z∇xϕdxdzdt
−
∫ T
0
∫
Ω
ξnu˜n · ∇xun · ∂zϕdxdzdt+
∫ T
0
∫
Ω
ξnun · ∇xun · z∂zϕdxdzdt.
(3.34)
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Since ∫ T
0
∫
Ω
√
ξn∇xun : ϕdxdzdt
=
∫ T
0
∫
Ω
(∇x(
√
ξnun)−∇x
√
ξn ⊗ un) : ϕdxdzdt
= −
∫ T
0
∫
Ω
(
√
ξnun) · divϕdxdzdt−
∫ T
0
∫
Ω
∇x
√
ξn ⊗ un : ϕdxdzdt
→ −
∫ T
0
∫
Ω
(
√
ξu) · divϕdxdzdt−
∫ T
0
∫
Ω
∇x
√
ξ ⊗ u : ϕdxdzdt
=
∫ T
0
∫
Ω
√
ξ∇xu : ϕdxdzdt,
as n→∞. Hence√
ξn∇xun →
√
ξ∇xu weakly in L2(0, T ;L2),
and combines with (3.34), we have∫ T
0
∫
Ω
∂z(ξnunwn) · ϕdxdzdt→
∫ T
0
∫
Ω
∂z(ξuw) · ϕdxdzdt
as n→∞, where
w = −divx(ξu˜)
ξ
+ z
divx(ξu)
ξ
.
3.3.5. Convergence of nonlinear diffusion terms. By direct computation, we have∫ T
0
∫
Ω
divx(ξnDx(un))ϕdxdzdt = −
∫ T
0
∫
Ω
(ξnDx(un)) : ∇xϕdxdzdt
=
1
2
∫ T
0
∫
Ω
(ξnun ·∆xϕ+ 2∇xϕ · ∇x
√
ξn ·
√
ξnun)dxdzdt
+
1
2
∫ T
0
∫
Ω
(ξnun · divx(∇txϕ) + 2∇txϕ · ∇x
√
ξn ·
√
ξnun)dxdzdt.
(3.35)
Since
√
ξn →
√
ξ strongly in L2([0, T ];H1), ξnun → ξu strongly in L2(0, T ;L2),√
ξnun →
√
ξu strongly in L2(0, T ;L2), we obtain
1
2
∫ T
0
∫
Ω
(ξnun ·∆xϕ+ 2∇xϕ · ∇x
√
ξn ·
√
ξnun)dxdzdt
+
1
2
∫ T
0
∫
Ω
(ξnun · divx(∇txϕ) + 2∇txϕ · ∇x
√
ξn ·
√
ξnun)dxdzdt
→1
2
∫ T
0
∫
Ω
(ξu ·∆xϕ+ 2∇xϕ · ∇x
√
ξ ·
√
ξu)dxdzdt
+
1
2
∫ T
0
∫
Ω
(ξu · divx(∇txϕ) + 2∇txϕ · ∇x
√
ξ ·
√
ξu)dxdzdt.
(3.36)
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as n→∞. Hence∫ T
0
∫
Ω
divx(ξnDx(un))ϕdxdzdt→
∫ T
0
∫
Ω
divx(ξDx(u))ϕdxdzdt,
when n→∞. Similarly, we have∫ T
0
∫
Ω
ξn∇x∆5xξnϕdxdzdt = −
∫ T
0
∫
Ω
(ξndivxϕ+ ϕ · ∇xξn)∆5xξndxdzdt
= −
∫ T
0
∫
Ω
∆2x(ξndivxϕ+ ϕ · ∇xξn)∆3xξndxdzdt.
(3.37)
The limit of the term − ∫ T
0
∫
Ω
ϕ · ∇x∆2xξn∆3xξndxdzdt is difficult. Due to ξn → ξ
strongly in C([0, T ];H5) and ξn ⇀ ξ weakly in L
2(0, T ;H6), we have
−
∫ T
0
∫
Ω
ϕ · ∇x∆2xξn∆3xξndxdzdt→ −
∫ T
0
∫
Ω
ϕ · ∇x∆2xξ∆3xξdxdzdt,
as n→ ∞. Likewise, applying the above arguments, we can handle with the other
terms of
−
∫ T
0
∫
Ω
∆2x(ξndivxϕ+ ϕ · ∇xξn)∆3xξndxdzdt.
Thus we have ∫ T
0
∫
Ω
ξn∇x∆5xξnϕdxdzdt→
∫ T
0
∫
Ω
ξ∇x∆5xξϕdxdzdt,
as n→∞.
To deal with the quantum term, we use the same arguments to obtain∫ T
0
∫
Ω
ξn∇x(∆x
√
ξn√
ξn
)ϕdxdzdt
= −2
∫ T
0
∫
Ω
∆x
√
ξn∇x
√
ξndxdzdt−
∫ T
0
∫
Ω
∆x
√
ξn
√
ξndivxϕdxdzdt
→ −2
∫ T
0
∫
Ω
∆x
√
ξ∇x
√
ξdxdzdt−
∫ T
0
∫
Ω
∆x
√
ξ
√
ξdivxϕdxdzdt
=
∫ T
0
∫
Ω
ξ∇x(∆x
√
ξ√
ξ
)ϕdxdzdt.
as n→∞.
With the above compactness results in hand, we can take the limits as n→∞ in
the approximate system (3.3) and (3.8). Thus, we can show that (ξ, u, w) solves
ξt + divx(ρu) = ε∆xρ, on (0, T )× Ω.
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And for any test function ϕ, the following identity holds∫
Ω
ξu(T )ϕdxdz −
∫
Ω
m0ϕdxdz + µ
∫ T
0
∫
Ω
∆u ·∆ϕdxdzdt
−
∫ T
0
∫
Ω
ξuw∂zϕdxdzdt−
∫ T
0
∫
Ω
(ξu⊗ u) · ∇xϕdxdzdt
+ 2ν1
∫ T
0
∫
Ω
ξDx(u) · ∇xϕdxdzdt−
∫ T
0
∫
Ω
ξdivxϕdxdzdt
+ ν2
∫ T
0
∫
Ω
ξ∂zu∂zϕdxdzdt+ η
∫ T
0
∫
Ω
ξ−10divxϕdxdzdt
+ ε
∫ T
0
∫
Ω
∇xξ · ∇xuϕdxdzdt+ r0
∫ T
0
∫
Ω
uϕdxdzdt
+ r
∫ T
0
∫
Ω
ξ|u|uϕdxdt− δ
∫ T
0
∫
Ω
ξ∇x∆5xξϕdxdzdt
= −2κ
∫ T
0
∫
Ω
∆x
√
ξ∇x
√
ξϕdxdzdt− κ
∫ T
0
∫
Ω
∆x
√
ξ
√
ξdivxϕdxdzdt,
(3.38)
where
w = −divx(ξu˜)
ξ
+ z
divx(ξu)
ξ
.
Thanks to the lower semicontinuity of norms, we can pass to the limits in the
energy estimate (3.20), and we have the following energy inequality in the sense of
distributions on (0, T ).
sup
t∈(0,T )
E(ξ, u) + 4ǫ
∫ T
0
∫
Ω
|∇x
√
ξ|2dxdzdt+ r0
∫ T
0
∫
Ω
u2dxdzdt
+ r
∫ T
0
∫
Ω
ξ|u|3dxdzdt +
∫ T
0
∫
Ω
2ν1ξ|Dx(u)|2dxdzdt
+
∫ T
0
∫
Ω
ν2ξ|∂zu|2dxdzdt + µ
∫ T
0
∫
Ω
|∆u|2dxdzdt
+
2
5
ηǫ
∫ T
0
∫
Ω
|∇xξ−5|2dxdzdt + κǫ
2
∫ T
0
∫
Ω
ξ|∇x ln ξ|2dxdzdt
+ δǫ
∫ T
0
∫
Ω
|∆3xξ|2dxdzdt ≤ E(ξ0, u0),
(3.39)
where
E(ξ, u) =
∫
Ω
1
2
ξu2 + ξ ln ξ − ξ + 1 + 1
11
ηξ−10 + κ|∇x
√
ξ|2 + δ
2
|∇x∆2xξ|2dxdz.
Thus, we have the following proposition on the existence of weak solutions at this
level approximate system.
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Proposition 3.3. There exists a weak solution to the following system

∂tξ + divx(ξu) = ε∆xξ,
∂t(ξu) + divx(ξu⊗ u) + ∂z(ξuw) +∇xξ + r0u+ rξ|u|u+ µ∆2u
= 2ν1divx(ξDx(u)) + ν2∂z(ξ∂zu) + ε∇x · ∇xu+ η∇xξ−10+
κξ∇x(∆x
√
ξ√
ξ
) + δξ∇x∆5xξ
∂zξ = 0.
(3.40)
with suitable initial data, for any T > 0. In particular, the weak solutions (ξ, u, w)
satisfy the energy inequality (3.39).
4. B-D entropy and passing to the limits as ε, µ→ 0
In this section, the B-D entropy estimate for the approximate system in propo-
sition 3.3 will be obtained which was first introduced by Bresch and Desjardins in
[2]. By (3.26) and (3.21), we have
ξ(x, t) ≥ C(δ, η) > 0, ξ ∈ L∞(0, T ;H5) ∩ L2(0, T ;H6). (4.1)
4.1. B-D entropy. Thanks to (4.1), we can use ∇ξ
ξ
as a test function to test the
momentum equation to derive the B-D entropy. To this end, we first take the
gradient of the mass equation and multiply by 2ν1. Next we sum the obtained
equation with the momentum of system (3.40) to get
∂t(ξ(u+ 2ν1∇x ln ξ) + divx(ξ(u+ 2ν1∇x ln ξ)⊗ u) + ∂z(2ν1∇x(ξw)) + ∂z(ξuw)
+∇xξ + r0u+ rξ|u|u+ µ∆2u = divx(2ν1ξAx(u)) + ν2∂z(ξ∂zu) + η∇xξ−10
− ε∇xξ · ∇xu+ 2ν1ε∇x∆xξ + κξ∇x(∆x
√
ξ√
ξ
) + δξ∇x∆5xξ
(4.2)
where Ax(u) =
∇xu−∇txu
2
.
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Lemma 4.1. Under the assumption (4.1), we have the following B-D entropy∫
Ω
(
1
2
ξ(u+ 2ν1∇x ln ξ)2 − 2ν1r0 ln ξ)dxdzdt+ 2ν1
∫ T
0
∫
Ω
ξ|∂zw|2dxdzdt
+ 8ν1
∫ T
0
∫
Ω
|∇x
√
ξ|2dxdzdt+ r
∫ T
0
∫
Ω
ξ|u|3dxdzdt+ ν2
∫ T
0
∫
Ω
ξ|∂zu|2dxdzdt
+
8
5
ην1
∫ T
0
∫
Ω
|∇xξ−5|2dxdzdt + µ
∫ T
0
∫
Ω
|∆u|2dxdzdt
+ κν1
∫ T
0
∫
Ω
ξ|∇2x ln ξ|2dxdzdt+ r0
∫ T
0
∫
Ω
u2dxdzdt + 2δν1
∫ T
0
∫
Ω
|∆3xξ|2dxdzdt
+ 2ν1
∫ T
0
∫
Ω
ξ|Ax(u)|2dxdzdt+ ν1r0ε
∫ T
0
∫
Ω
|∇xξ|2
ξ2
dxdzdt
≤
∫
Ω
(
1
2
ξ0(u0 + 2ν1∇x ln ξ0)2 − 2ν1r0 ln ξ0)dxdz + E0 + C + εC(δ, η) +√µC(δ, η)
(4.3)
where C is a generic positive constant depending on the initial data and other
constants but independent of ε, δ, η, r0, µ, and C(δ, η)is a generic positive constant
only depending on δ, η.
Proof. Multiplying (4.2) by u+ 2ν1∇x ln ξ and integrating over Ω, we have
d
dt
∫
Ω
(
1
2
ξ(u+ 2ν1∇x ln ξ)2 + (ξ ln ξ − ξ + 1) + 1
11
ηξ−10 + κ|∇x
√
ξ|2
+
δ
2
|∇x∆2xξ|2dxdz + 2ν1
∫
Ω
ξ|∂zw|2dxdz + (8ν1 − 4ε)
∫
Ω
|∇x
√
ξ|2dxdz
+ r
∫
Ω
ξ|u|3dxdz + ν2
∫
Ω
ξ|∂zu|2dxdz + 2
5
η(ε+ 4ν1)
∫
Ω
|∇xξ−5|2dxdz
+ µ
∫
Ω
|∆xu|2dxdz + κ(ε+ 2ν1)
2
∫
Ω
ξ|∇2x ln ξ|2dxdz + δ(ε+ 2ν1)
∫
Ω
|∆3xξ|2dxdz
+ 2ν1
∫
Ω
ξ|Ax(u)|2dxdz + r0
∫
Ω
u2dxdz
= 2ν1
∫
Ω
divx(2ν1ξAx(u))∇x ln ξdxdz − 2ν1µ
∫
Ω
∆xu∇x∆x ln ξdxdz
+ 2ν1ε
∫
Ω
∇xξ · ∇2x ln ξ · udxdz + 4ν21ε
∫
Ω
∇xξ · ∇2x ln ξ · ∇x ln ξdxdz
+ 2ν1ε
∫
Ω
∇x∆xξ(u+ 2ν1∇x ln ξ)dxdz − 2ν1r
∫
Ω
|u|u∇xξdxdz
− 2ν1r0
∫
Ω
u
∇xξ
ξ
dxdz =
7∑
i=1
Ii.
(4.4)
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We claim that I1 = 0 due to the periodic conditions. That is
2
∫
Ω
divx(ξAx(u))∇x ln ξdxdz =
∫
Ω
∂i[ξ(∂iuj − ∂jui)]∂jξ
ξ
dxdz
=
∫
Ω
∂iξ∂jξ
ξ
(∂iuj − ∂jui) + (∂i∂iuj − ∂i∂jui)∂jξdxdz
=
∫
Ω
∂i∂iuj∂jξ − ∂i∂jui∂jξdxdz
=
∫
Ω
∂i∂iuj∂jξ − ∂j∂jui∂iξdxdz = 0,
(4.5)
then I1 = 0. For I7, we have
I7 = −2ν1r0
∫
Ω
divx(ξu)
ξ
dxdz = 2ν1r0
∫
Ω
∂tξ + ∂z(ξw)− ε∆xξ
ξ
dxdz
= 2ν1r0
∫
Ω
∂t ln ξdxdz − 2ν1r0ε
∫
Ω
∆xξ
ξ
dxdz
= 2ν1r0
∫
Ω
∂t ln ξdxdz − 2ν1r0ε
∫
Ω
|∇xξ|2
ξ2
dxdz.
(4.6)
Substituting (4.4)-(4.6) into (4.4) and integrating it with respect to the time t
over [0,T], we have
∫
Ω
(
1
2
ξ(u+ 2ν1∇x ln ξ)2 − 2ν1r0 ln ξ)dxdzdt+ 2ν1
∫ T
0
∫
Ω
ξ|∂zw|2dxdzdt
+ 8ν1
∫ T
0
∫
Ω
|∇x
√
ξ|2dxdzdt + r
∫ T
0
∫
Ω
ξ|u|3dxdzdt + ν2
∫ T
0
∫
Ω
ξ|∂zu|2dxdzdt
+
8
5
ην1
∫ T
0
∫
Ω
|∇xξ−5|2dxdzdt + µ
∫ T
0
∫
Ω
|∆u|2dxdzdt+
κν1
∫ T
0
∫
Ω
ξ|∇2x ln ξ|2dxdzdt+ r0
∫ T
0
∫
Ω
u2dxdzdt+ 2δν1
∫ T
0
∫
Ω
|∆3xξ|2dxdzdt
+ 2ν1
∫ T
0
∫
Ω
ξ|Ax(u)|2dxdzdt + 2ν1r0ε
∫ T
0
∫
Ω
|∇xξ|2
ξ2
dxdzdt
≤
∫
Ω
(
1
2
ξ0(u0 + 2ν1∇x ln ξ0)2 − 2ν1r0 ln ξ0)dxdz +
∫ T
0
6∑
i=2
Iidt+ E0,
(4.7)
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where we have used the energy inequality (3.39). Next we control the rest terms on
the right hand of (4.7).∫
T
0 I2dt = −2ν1µ
∫ T
0
∫
Ω
∆xu · ∇x∆x ln ξdxdzdt
= −2ν1µ
∫ T
0
∫
Ω
∆xu · (∇x∆xξ
ξ
− ∆xξ∇xξ
ξ2
− 2(∇xξ · ∇x)∇xξ
ξ2
+ 2
|∇xξ|2∇xξ
ξ3
)dxdzdt
≤ Cµ
∫ T
0
∫
Ω
|∆xu|
[
ξ−1|∇3xξ|+ ξ−2|∇xξ||∇2xξ|+ ξ−3|∇xξ|3
]
dxdzdt
≤ C√µ‖√µ∆xu‖L2(L2)
[‖ξ−1‖L∞(L∞)‖∇3xξ‖L2(L2)
+ ‖ξ−1‖2L∞(L∞)‖∇xξ‖L∞(L∞)‖∇2xξ‖L2(L2) + ‖ξ−1‖3L∞(L∞)‖∇xξ‖3L6(L6)
]
≤ C√µ‖√µ∆xu‖L2(L2)
[‖ξ−1‖3L∞(L∞)‖∇3xξ‖L2(L2) + ‖ξ−1‖L∞(L∞)]
≤ C(δ, η)√µ,
(4.8)
∫ T
0
I4dt = 4ν
2
1ε
∫ T
0
∫
Ω
∇xξ · ∇2x ln ξ · ∇x ln ξdxdzdt
= −2ν21ε
∫ T
0
∫
Ω
∆xξ|∇x ln ξ|2dxdzdt
≤ 2ν21ε ‖
1
ξ
‖2L∞(L∞)‖ ∇xξ ‖L∞(L∞)‖ ∇xξ ‖L2(L2)‖ ∆xξ ‖L2(L2)
≤ εC(δ, η).
(4.9)
Besides this, we also have∫ T
0
I3dt = 2ν1ε
∫ T
0
∫
Ω
∇xξ · ∇2x ln ξ · udxdzdt
= −ν1ε
∫ T
0
∫
Ω
|∇xξ
ξ
|2divx(ξu)dxdzdt
≤ ν1ε
∫ T
0
∫
Ω
(∇xξ)2
ξ1.5
√
ξ∇xu+ (∇xξ)
2
ξ2.5
√
ξu · ∇xξdxdzdt
≤ εν1 ‖ 1
ξ
‖1.5L∞(L∞)‖ ∇xξ ‖L∞(L∞)‖ ∇xξ ‖L2(L2)‖
√
ξ∇xu ‖L2(L2)
+ εν1 ‖ 1
ξ
‖2.5L∞(L∞)‖ ∇xξ ‖2L∞(L∞)‖ ∇xξ ‖L2(L2)‖
√
ξu ‖L2(L2)
≤ εν1C(δ, η)(‖
√
ξ∇xu ‖L2(L2) +1)
≤ ν1
2
‖
√
ξAxu ‖2L2(L2) +εC(δ, η),
(4.10)
where we have used
‖
√
ξAxu ‖2L2(L2) + ‖
√
ξDxu ‖2L2(L2)=‖
√
ξ∇xu ‖2L2(L2) .
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And ∫ T
0
I5dt = 2ν1ε
∫
Ω
∇x∆xξ(u+ 2ν1∇x ln ξ)dxdz
≤ 2ν1ε ‖ ∇x∆xξ ‖L2(L2)‖
√
ξu ‖L2(L2)‖
√
ξ ‖L∞(L∞)
+ 4ν21ε ‖ ∇x∆xξ ‖L2(L2)‖ ∇xξ ‖L2(L2)‖ ξ−1 ‖L∞(L∞)
≤ εC(δ, η),
(4.11)
∫ T
0
I6dt = −2ν1r
∫ T
0
∫
Ω
|u|u · ∇xξdxdzdt
= 2ν1r
∫ T
0
∫
Ω
ξ(|u|divxu+ u u|u|∇xu)dxdzdt
≤ C‖√ρu‖L2‖√ρ∇xu‖L2 ≤ C + ν1
2
‖
√
ξAx(u) ‖2L2(L2) .
(4.12)
Then substituting (4.8)-(4.12) into (4.7), we obtain the B-D entropy (4.3). 
4.2. Passing to the limits as µ, ε→ 0. We denote the solutions to (3.40) at this
level of approximation as (ξµ,ε, uµ,ε, wµ,ε). From the energy inequality (3.39), it is
easy to obtain the following uniform regularities.√
ξµ,εuµ,ε ∈ L∞(0, T ;L2), ηξ−10µ,ε ∈ L∞(0, T ;L1), ξ
1
3
nuµ,ε ∈ L3(0, T ;L3).√
ξµ,εDx(uµ,ε) ∈ L2(0, T ;L2),
√
ξµ,ε∂zuµ,ε ∈ L2(0, T ;L2),√µ∆uµ,ε ∈ L2(0, T ;L2),√
δξµ,ε ∈ L∞(0, T ;H5),√r0uµ,ε ∈ L2(0, T ;L2), ξµ,ε ln ξµ,ε − ξµ,ε + 1 ∈ L∞(0, T ;L1).
(4.13)
The B-D entropy (4.3) gives the following additionally uniform regularities
∇x
√
ξµ,ε ∈ L∞(0, T ;L2),
√
δξµ,ε ∈ L2(0, T ;H6),
√
ξµ,ε∂zw ∈ L2(0, T ;L2),
√
η∇ξ−5µ,ε ∈ L2(0, T ;L2),
√
ξµ,εAx(uµ,ε) ∈ L2(0, T ;L2).
(4.14)
Similar to the proof of Lemma 3.2, we have the following uniform boundedness
√
κ
√
ξµ,ε ∈ L2(0, T ;H2), 4
√
κ∇xξ
1
4
µ,ε ∈ L4(0, T ;L4).
Based on the above regularities, we have the following uniform compactness re-
sults.
Lemma 4.2. Let (ξµ,ε, uµ,ε, wµ,ε) be weak solutions to (3.40) satisfying (4.13) and
(4.14), then the following estimates holds
‖∂t
√
ξµ,ε‖L∞(0,T ;W−1, 32 ) + ‖
√
ξµ,ε‖L2(0,T ;H2) ≤ K,
‖ ξµ,ε ‖L2(0,T ;H6) + ‖ ∂tξµ,ε ‖L2(0,T ;H−1)≤ K,
‖ ξµ,εuµ,ε ‖L2(0,T ;W 1, 32 ) + ‖ ∂t(ξµ,εuµ,ε) ‖L2(0,T ;H−5)≤ K,
‖ ξ−10µ,ε ‖L 53 (0,T ;L 53 )≤ K,
(4.15)
where K is independent of ε, µ.
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Proof. The proof is similar to the compactness analysis in Section 2, we can prove
the above resluts. For the simplicity, we omit the details here. 
With Lemma 2.2 and Lemma 4.2 in hand, we have the following compactness
results as µ→ 0 = ε→ 0:√
ξµ,ε →
√
ξ, strongly in L2([0, T ];H1),
ξµ,ε → ξ, strongly in C([0, T ];H5), ξµ,ε ⇀ ξ, in L2(0, T ;H6),
uµ,ε ⇀ u, in L
2(0, T ;L2),
√
ξµ,ε ⇀
√
ξ, in L2(0, T ;H2),
ξµ,εuµ,ε → ξu strongly in L2(0, T ;Lp), for ∀ 1 ≤ p < 3,
ξ−10µ,ε → ξ−10, strongly in L1(0, T ;L1),√
ξµ,εuµ,ε →
√
ξu strongly in L2(0, T ;L2).
(4.16)
Hence,
√
ξµ,ε →
√
ξ, ξµ,ε → ξ and ξ−10µ,ε → ξ−10 almost everywhere.
Thanks to
√
ξµ,ε∂zwµ,ε ∈ L2(0, T ;L2), by the Poincare´ inequality, we have∫ h
0
|√ξµ,εwµ,ε|2dz ≤ c ∫ h
0
|∂z(
√
ξµ,εwµ,ε)|2dz.
Thus the estimates∫ T
0
∫
Ω
|√ξµ,εwµ,ε|2dxdzdt ≤ c ∫ T
0
∫
Ω
ξµ,ε|∂zwµ,ε|2dxdzdt
gives
√
ξµ,εwµ,ε ∈ L2(0, T ;L2). Consequently, there exists, up to a subsequence ,√
ξµ,εwµ,ε ⇀ l ∈ L2(0, T ;L2) weakly. Since
√
ξµ,ε →
√
ξ strongly, we define w as
following:
w =
{
l√
ξ
if ξ > 0,
0 a.e. if ξ = 0.
(4.17)
Then the limit l =
√
ξ(
l√
ξ
) =
√
ξw.
By the above regularity results, we are ready to pass to the limits as µ = ε→ 0.
For any test function ϕ ∈ C∞([0, T ]; Ω), when µ = ε→ 0, we have∫ T
0
∫
Ω
∂z(ξµ,εuµ,εwµ,ε)ϕdxdzdt = −
∫ T
0
∫
Ω
ξµ,εuµ,εwµ,ε∂zϕdxdzdt
→ −
∫ T
0
∫
Ω
ξuw∂zϕdxdzdt,
(4.18)
and ∫ T
0
∫
Ω
∂z(ξµ,εwµ,ε)ϕdxdzdt = −
∫ T
0
∫
Ω
ξµ,εwµ,ε∂zϕdxdzdt
→ −
∫ T
0
∫
Ω
ξw∂zϕdxdzdt.
(4.19)
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Moreover,
ε
∫ T
0
∫
Ω
∇xξµ,ε · ∇xuµ,εϕdxdzdt
= −ε
∫ T
0
∫
Ω
∆xξµ,εuµ,εϕdxdzdt− ε
∫ T
0
∫
Ω
∇xξµ,εuµ,εdivxϕdxdzdt
≤ ε‖∆xξµ,ε‖L2(L2)‖uµ,ε‖L2(L2)‖ϕ‖L∞(L∞)
+ ε‖∇xξµ,ε‖L2(L2)‖uµ,ε‖L2(L2)‖divxϕ‖L∞(L∞) → 0, as ε→ 0,
(4.20)
and
µ
∫ T
0
∫
Ω
∆2uµ,εϕdxdzdt = µ
∫ T
0
∫
Ω
∆uµ,ε∆ϕdxdzdt
≤ √µ‖√µ∆uµ,ε‖L2(L2)‖∆ϕ‖L2(L2) → 0, as µ→ 0.
(4.21)
So by taking µ = ε→ 0 in (3.40), we have
∂tξ + divx(ξu) + ∂z(ξw) = 0,
∂t(ξu) + divx(ξu⊗ u) + ∂z(ξuw) +∇xξ + r0u+ rξ|u|u
= 2ν1divx(ξDx(u)) + ν2∂z(ξ∂zu) + η∇xξ−10 + κξ∇x(∆x
√
ξ√
ξ
) + δξ∇x∆5xξ,
∂zξ = 0,
(4.22)
holds in the sense of distribution on (0;T )× Ω.
Furthermore, thanks to lower semi-continuity of the convex function and the
strong convergence of (ξµ,ε, uµ,ε, wµ,ε), we can pass to the limits in the energy in-
equality (3.39) and B-D entropy (4.3) as µ = ε→ 0 with δ, η, r0, κ being fixed. And
we have∫
Ω
1
2
ξu2 + ξ ln ξ − ξ + 1 + 1
11
ηξ−10 + κ|∇x
√
ξ|2 + δ
2
|∇x∆2xξ|2dxdz
+ r0
∫ T
0
∫
Ω
u2dxdzdt+ r
∫ T
0
∫
Ω
ξ|u|3dxdzdt
+
∫ T
0
∫
Ω
2ν1ξ|Dx(u)|2dxdzdt +
∫ T
0
∫
Ω
ν2ξ|∂zu|2dxdzdt
≤
∫
Ω
1
2
ξ0u
2
0 + ξ0 ln ξ0 − ξ0 + 1 +
1
11
ηξ−100 + κ|∇x
√
ξ0|2 + δ
2
|∇x∆2xξ0|2dxdz,
(4.23)
and∫
Ω
(
1
2
ξ(u+ 2ν1∇x ln ξ)2 − 2ν1r0 ln ξ)dxdzdt+ 2ν1
∫ T
0
∫
Ω
ξ|∂zw|2dxdzdt
+ 8ν1
∫ T
0
∫
Ω
|∇x
√
ξ|2dxdzdt + r
∫ T
0
∫
Ω
ξ|u|3dxdzdt + ν2
∫ T
0
∫
Ω
ξ|∂zu|2dxdzdt
+
8
5
ην1
∫ T
0
∫
Ω
|∇xξ−5|2dxdzdt + κν1
∫ T
0
∫
Ω
ξ|∇2x ln ξ|2dxdzdt
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+ r0
∫ T
0
∫
Ω
u2dxdzdt + 2δν1
∫ T
0
∫
Ω
|∆3xξ|2dxdzdt+ ν1
∫ T
0
∫
Ω
ξ|Ax(u)|2dxdzdt
≤
∫
Ω
(
1
2
ξ0(u0 + 2ν1∇x ln ξ0)2 − 2ν1r0 ln ξ0)dxdz + E0 + C,
(4.24)
Thus, to conclude this part, we have got that the following proposition
Proposition 4.1. There exists the weak solutions to the system
∂tξ + divx(ξu) + ∂z(ξw) = 0,
∂t(ξu) + divx(ξu⊗ u) + ∂z(ξuw) +∇xξ + r0u+ rξ|u|u =
2ν1divx(ξDx(u)) + ν2∂z(ξ∂zu) + η∇xξ−10 + κξ∇x(∆x
√
ξ√
ξ
) + δξ∇x∆5xξ,
∂zξ = 0.
(4.25)
with suitable initial data, for any T > 0. In particular, the weak solutions (ξ, u, w)
satisfy energy inequality (4.23) and the B-D entropy (4.24).
5. Passing to the limits as η → 0.
In this section, we pass to the limits as η → 0 with δ, κ, r0 being fixed. We denote
by (ξη, uη, wη) the weak solutions at this level. From Proposition 4.1, we have the
following regularities√
ξηuη ∈ L∞(0, T ;L2),
√
ξηDx(uη) ∈ L2(0, T ;L2),
√
ξη∂zuη ∈ L2(0, T ;L2)
∇x
√
ξη ∈ L∞(0, T ;L2),
√
δξη ∈ L∞(0, T ;H5),
√
δξη ∈ L2(0, T ;H6),
uξη ∈ L2(0, T ;L2), ξ
1
3
η uη ∈ L3(0, T ;L3),
√
ξη∇uη ∈ L2(0, T ;L2),
ξη ln ξη − ξη + 1 ∈ L∞(0, T ;L1),−r0 ln ξη ∈ L∞(0, T ;L1),
ηξ−10η ∈ L∞(0, T ;L1),
√
η∇xξ−5η ∈ L2(0, T ;L2),
√
ξη∂zwη ∈ L2(0, T ;L2),
√
κ
√
ξη ∈ L2(0, T ;H2), 4
√
κ∇xξ
1
4
η ∈ L4(0, T ;L4).
(5.1)
So it is easy to check that we have the similar estimates as in Lemma 4.2 uniform
with η. Furthermore, we deduce the similar compactness for (ξη, uη, wη) as follows√
ξη →
√
ξ, strongly in L2([0, T ];H1),
ξη → ξ strongly in C([0, T ];H5), ξη ⇀ ξ, in L2(0, T ;H6),
uη ⇀ u in L
2(0, T ;L2), ξηwη ⇀ ξw in L
2(0, T ;L2),
ξηuη → ξu strongly in L2(0, T ;Lp), for ∀1 ≤ p < 3,√
ξηuη →
√
ξu strongly in L2(0, T ;L2),
√
ξη ⇀
√
ξ, in L2(0, T ;H2).
(5.2)
Therefore, at this level of approximation, we only focus on the convergence of the
cold pressure η∇ξ−10η . Here we state the following lemma.
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Lemma 5.1. For ξη defined as in Proposition 4.1, we have
η
∫ T
0
∫
Ω
ξ−10η dxdzdt→ 0
as η → 0.
Proof. The proof is motivated by the method in [29]. From the B-D entropy (4.24),
we have
sup
t∈[0,T ]
∫
Ω
(log(
1
ξη
))+dxdz ≤ C(r0) < +∞. (5.3)
Note that
y ∈ R+ → log(1
y
)+
is a convex continuous function. Moreover, in combination with the property of the
convex function and Fatou’s Lemma, it yields that∫
Ω
(log(
1
ξ
))+dxdz ≤
∫
Ω
lim
η→0
inf(log(
1
ξη
))+dxdz
≤ lim
η→0
inf
∫
Ω
(log(
1
ξη
))+dxdz,
(5.4)
which implies (log(1
ξ
))+ is bounded in L
∞(0, T ;L1). So it allows us to deduce that
|{x | ξ(t, x) = 0}| = 0, for almost every t ∈ [0, T ], (5.5)
where |A| denotes the measure of set A.
Due to ξη → ξ strongly in C([0, T ];H5), hence ξη → ξ a.e.. Then the above limit
and (5.5) deduce
ηξ−10η → 0 a.e. as η → 0. (5.6)
Moreover,using the interpolation inequality, we have
‖ηξ−10η ‖L 53 (0,T ;L 53 ) ≤ ‖ηξ
−10
η ‖
2
5
L∞(0,T ;L1)‖ηξ−10η ‖
3
5
L1(0,T ;L3) ≤ C,
which combine with (5.6) and Lemma 2.3, we have
ηξ−10η → 0, strongly in L1(0, T ;L1).

Thus, by the compactness results (5.2), we can pass to the limit as η → 0 in (4.25)
∂tξ + divx(ξu) + ∂z(ξw) = 0,
∂t(ξu) + divx(ξu⊗ u) + ∂z(ξuw) +∇xξ + r0u+ rξ|u|u
= 2ν1divx(ξDx(u)) + ν2∂z(ξ∂zu) + κξ∇x(∆x
√
ξ√
ξ
) + δξ∇x∆5xξ,
∂zξ = 0
(5.7)
holds in the sense of distribution on (0;T )× Ω.
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Due to the lower semi-continuity of convex functions, we can obtain the following
energy inequality and B-D entropy by passing to the limits in (4.23) and (4.24) as
η → 0. ∫
Ω
1
2
ξu2 + ξ ln ξ − ξ + 1 + κ|∇x
√
ξ|2 + δ
2
|∇x∆2xξ|2dxdz
+ r0
∫ T
0
∫
Ω
u2dxdzdt + r
∫ T
0
∫
Ω
ξ|u|3dxdzdt
+
∫ T
0
∫
Ω
2ν1ξ|Dx(u)|2dxdzdt+
∫ T
0
∫
Ω
ν2ξ|∂zu|2dxdzdt
≤
∫
Ω
1
2
ξ0u
2
0 + ξ0 ln ξ0 − ξ0 + 1 + κ|∇x
√
ξ0|2 + δ
2
|∇x∆2xξ0|2dxdz,
(5.8)
and ∫
Ω
(
1
2
ξ(u+ 2ν1∇x ln ξ)2 − 2ν1r0 ln ξ)dxdzdt+ 2ν1
∫ T
0
∫
Ω
ξ|∂zw|2dxdzdt
+ 8ν1
∫ T
0
∫
Ω
|∇x
√
ξ|2dxdzdt + r
∫ T
0
∫
Ω
ξ|u|3dxdzdt
+ ν2
∫ T
0
∫
Ω
ξ|∂zu|2dxdzdt+ κν1
∫ T
0
∫
Ω
ξ|∇2x ln ξ|2dxdzdt
+ r0
∫ T
0
∫
Ω
u2dxdzdt + 2δν1
∫ T
0
∫
Ω
|∆3xξ|2dxdzdt
+ ν1
∫ T
0
∫
Ω
ξ|Ax(u)|2dxdzdt
≤
∫
Ω
(
1
2
ξ0(u0 + 2ν1∇x ln ξ0)2 − 2ν1r0 ln ξ0)dxdz + E0 + C.
(5.9)
Thus we have the following proposition on the existence of the weak solutions at
this level of approximation.
Proposition 5.1. For any T > 0, there exist weak solutions to the system (5.7)
with suitable initial data. In particular, the weak solutions (ξ, u, w) satisfy the energy
inequality (5.8) and the B-D entropy (5.9).
6. Passing to the limits as κ, δ, r0 → 0.
At this level, the weak solutions satisfy the energy inequality (5.8) and the B-D
entropy (5.9). Thus we have the following regularities:√
ξδ,κ,r0uδ,κ,r0 ∈ L∞(0, T ;L2),
√
ξδ,κ,r0Dx(uδ,κ,r0) ∈ L2(0, T ;L2),
∇x
√
ξδ,κ,r0 ∈ L∞(0, T ;L2),
√
ξδ,κ,r0∂zuδ,κ,r0 ∈ L2(0, T ;L2),√
δξδ,κ,r0 ∈ L∞(0, T ;H5) ∩ L2(0, T ;H6), uδ,κ,r0 ∈ L2(0, T ;L2),
ξ
1
3
δ,κ,r0
uδ,κ,r0 ∈ L3(0, T ;L3),
√
ξδ,κ,r0∇uδ,κ,r0 ∈ L2(0, T ;L2),
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ξδ,κ,r0 ln ξδ,κ,r0 − ξδ,κ,r0 + 1 ∈ L∞(0, T ;L1),−r0 ln ξδ,κ,r0 ∈ L∞(0, T ;L1),√
ξδ,κ,r0∂zwδ,κ,r0 ∈ L2(0, T ;L2),
√
κ
√
ξδ,κ,r0 ∈ L2(0, T ;H2),
4
√
κ∇xξ
1
4
δ,κ,r0
∈ L4(0, T ;L4),
(6.1)
Next, we will proceed the compactness arguments in several steps
6.1. Convergence of
√
ξδ,κ,r0.
Lemma 6.1. For ξδ,κ,r0 satisfy Proposition 5.1, we have√
ξδ,κ,r0is bounded in L
∞(0, T ;H1),
∂t
√
ξδ,κ,r0is bounded in L
2(0, T ;H−1).
Then, up to a subsequence,we get
√
ξδ,κ,r0 convergence almost everywhere and con-
vergence strongly in L2(0, T ;L2), which means√
ξδ,κ,r0 →
√
ξ, a.e. and strongly in L2(0, T ;L2).
Moreover, we have
ξδ,κ,r0 → ξ a.e. and strongly in C([0, T ];Lp), for any p ∈ [1, 3).
Proof. Since‖√ξδ,κ,r0‖2L2 = ‖ξ0‖L1 and ∇x√ξδ,κ,r0∈ L∞(0, T ;L2), we have√ξδ,κ,r0 ∈
L∞(0, T ;H1). Next
∂t
√
ξδ,κ,r0 = −
1
2
√
ξδ,κ,r0divx(uδ,κ,r0)− uδ,κ,r0 · ∇x
√
ξδ,κ,r0 −
1
2
√
ξδ,κ,r0∂zwδ,κ,r0
=
1
2
√
ξδ,κ,r0divx(uδ,κ,r0)− divx(
√
ξδ,κ,r0uδ,κ,r0)−
1
2
√
ξδ,κ,r0∂zwδ,κ,r0,
(6.2)
which yields ∂t
√
ξδ,κ,r0 ∈ L2(0, T ;H−1). Using Lemma 2.2, we have√
ξδ,κ,r0 →
√
ξ, strongly in L2(0, T ;L2),
and it yields that
√
ξδ,κ,r0 →
√
ξ a.e.. By using the Sobolev embedding theorem, we
have
√
ξδ,κ,r0 is bounded in L
∞(0, T ;L6), then
ξδ,κ,r0 ∈ L∞(0, T ;L3).
And we deduce
ξδ,κ,r0uδ,κ,r0 =
√
ξδ,κ,r0
√
ξδ,κ,r0uδ,κ,r0 ∈ L∞(0, T ;L
3
2 ), (6.3)
which yields divx(ξδ,κ,r0uδ,κ,r0) ∈ L∞(0, T ;W−1,
3
2 ). This combines with
√
ξδ,κ,r0
∂zwδ,κ,r0 and the continuity equation yield ∂tξδ,κ,r0 ∈ L2(0, T ;W−1,
3
2 ).
Furthermore, we have
∇xξδ,κ,r0 = 2
√
ξδ,κ,r0∇x
√
ξδ,κ,r0 ∈ L∞(0, T ;L
3
2 ). (6.4)
So ξδ,κ,r0 is bounded in L
∞(0, T ;W 1,
3
2 ). We use Lemma 2.2 to get
ξδ,κ,r0 → ξ, strongly in C([0, T ];Lp), for any p ∈ [1, 3). (6.5)
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And hence, we have
ξδ,κ,r0 → ξ a.e..
Thus the proof of this lemma is completed. 
6.2. Convergence of the momentum.
Lemma 6.2. Up to a subsequence, the momentum mδ,κ,r0 = ξδ,κ,r0uδ,κ,r0 satisfy
mδ,κ,r0 → m strongly in L2(0, T ;Lq) for all q ∈ [1, 1.5).
In particular
mδ,κ,r0 → m a.e. for (x, t) ∈ Ω× (0, T ).
Remark: we can define u(x, z, t) = m(x, z, t)/ξ(x, t) outside the vacuum set {x
|ξ(x, t) = 0}. Then we obtain
ξδ,κ,r0uδ,κ,r0 → ξu strongly in L2(0, T ;Lq) for all q ∈ [1, 1.5).
Proof. Since
∇x(ξδ,κ,r0uδ,κ,r0) = ∇xξδ,κ,r0 ⊗ uδ,κ,r0 + ξδ,κ,r0∇xuδ,κ,r0
= 2∇x
√
ξδ,κ,r0 ⊗
√
ξδ,κ,r0uδ,κ,r0 +
√
ξδ,κ,r0
√
ξδ,κ,r0∇uδ,κ,r0 ∈ L2(0, T ;L1),
(6.6)
∂z(ξδ,κ,r0uδ,κ,r0) =
√
ξδ,κ,r0
√
ξδ,κ,r0∂zuδ,κ,r0 ∈ L2(0, T ;L
3
2 )
and (6.3), we deduce
ξδ,κ,r0uδ,κ,r0 ∈ L2(0, T ;W 1,1).
Moreover, we can show
∂t(ξδ,κ,r0uδ,κ,r0) is bounded in L
2(0, T ;H−s), for some constant s > 0.
In fact,
∂t(ξδ,κ,r0uδ,κ,r0) = 2ν1divx(ξδ,κ,r0Dx(uδ,κ,r0)) + ν2∂z(ξδ,κ,r0∂zuδ,κ,r0)
+ κξδ,κ,r0∇x(
∆x
√
ξδ,κ,r0√
ξδ,κ,r0
) + δξδ,κ,r0∇x∆5xξδ,κ,r0 − divx(ξδ,κ,r0uδ,κ,r0 ⊗ uδ,κ,r0)
− ∂z(ξδ,κ,r0uδ,κ,r0wδ,κ,r0)−∇xξδ,κ,r0 + r0uδ,κ,r0 − rξδ,κ,r0|uδ,κ,r0|uδ,κ,r0.
(6.7)
With the estimates (6.1) in hand, we deduce
ξδ,κ,r0uδ,κ,r0 ⊗ uδ,κ,r0 ∈ L∞(0, T ;L1), ξδ,κ,r0uδ,κ,r0wδ,κ,r0 ∈ L2(0, T ;L1)
and
ξδ,κ,r0∂zuδ,κ,r0 ∈ L2(0, T ;L
3
2 ), ξδ,κ,r0Dx(uδ,κ,r0) ∈ L2(0, T ;L
3
2 ).
Particularly, thanks to the Sobolev imbedding theorem, we have
divx(ξδ,κ,r0uδ,κ,r0⊗uδ,κ,r0) ∈ L∞(0, T ;W−2,2), ∂z(ξδ,κ,r0uδ,κ,r0wδ,κ,r0) ∈ L2(0, T ;W−2,2)
and
∂z(ξδ,κ,r0∂zuδ,κ,r0) ∈ L2(0, T ;W−2,2), divx(ξδ,κ,r0Dx(uδ,κ,r0)) ∈ L2(0, T ;W−2,2).
Moreover, thanks to
√
δξδ,κ,r0 ∈ L∞(0, T ;H5) ∩ L2(0, T ;H6) and
√
κ
√
ξδ,κ,r0 ∈
L2(0, T ;H2), we get
δξδ,κ,r0∇x∆5x ∈ L2(0, T ;W−5,2)
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and
κξδ,κ,r0∇x(
∆x
√
ξδ,κ,r0√
ξδ,κ,r0
) = κ∇x(
√
ξδ,κ,r0∆x
√
ξδ,κ,r0)− 2κ∆x
√
ξδ,κ,r0∇x
√
ξδ,κ,r0
∈ L2(0, T ;W−3,2).
Then we obtain
∂t(ξδ,κ,r0uδ,κ,r0) is bounded in L
2(0, T ;H−5).
Hence, using Lemma 2.2, Lemma 6.2 is proved. 
With Lemma 6.1 and Lemma 6.2 in hands , similar to the proof of Lemma 3.5,
we can deduce √
ξδ,κ,r0uδ,κ,r0 →
√
ξu strongly in L2(0, T ;L2). (6.8)
as κ = δ = r0 → 0 .
6.3. Convergence of the terms divx(ξδ,κ,r0Dx(uδ,κ,r0)), κξδ,κ,r0∇x(
∆x
√
ξδ,κ,r0√
ξδ,κ,r0
),
r0uδ,κ,r0 and ξδ,κ,r0∇x∆5xξδ,κ,r0. For any test function ϕ ∈ C∞0 ((0, T ); Ω), we have
r0
∫ T
0
∫
Ω
uδ,κ,r0ϕdxdzdt ≤
√
r0‖√r0uδ,κ,r0‖L2(L2)‖ϕ‖L2(L2) → 0, as r0 → 0.
To deal with the diffusion term divx(ξδ,κ,r0Dx(uδ,κ,r0)). Recalling (3.34), we have∫ T
0
∫
Ω
divx(ξδ,κ,r0Dx(uδ,κ,r0))ϕdxdzdt
=
1
2
∫ T
0
∫
Ω
(ξδ,κ,r0uδ,κ,r0 ·∆xϕ+ 2∇xϕ · ∇x
√
ξδ,κ,r0 ·
√
ξδ,κ,r0uδ,κ,r0)dxdzdt
+
1
2
∫ T
0
∫
Ω
(ξδ,κ,r0uδ,κ,r0 · divx(∇txϕ) + 2∇txϕ · ∇x
√
ξδ,κ,r0 ·
√
ξδ,κ,r0uδ,κ,r0)dxdzdt.
(6.9)
Since ∇x
√
ξδ,κ,r0 ∈ L∞([0, T ];L2), the sequence ∇x
√
ξδ,κ,r0 weakly converges. By
using Lemma 6.1 , Lemma 6.2 and
√
ξδ,κ,r0uδ,κ,r0 →
√
ξu strongly in L2(0, T ;L2),
we have
1
2
∫ T
0
∫
Ω
(ξδ,κ,r0uδ,κ,r0 ·∆xϕ+ 2∇xϕ · ∇x
√
ξδ,κ,r0 ·
√
ξδ,κ,r0uδ,κ,r0)dxdzdt
+
1
2
∫ T
0
∫
Ω
(ξδ,κ,r0uδ,κ,r0 · divx(∇txϕ) + 2∇txϕ · ∇x
√
ξδ,κ,r0 ·
√
ξδ,κ,r0uδ,κ,r0)dxdzdt
→ 1
2
∫ T
0
∫
Ω
(ξu ·∆xϕ+ 2∇xϕ · ∇x
√
ξ ·
√
ξu)dxdzdt
+
1
2
∫ T
0
∫
Ω
(ξu · divx(∇txϕ) + 2∇txϕ · ∇x
√
ξ ·
√
ξu)dxdzdt,
(6.10)
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as δ = κ = r0 → 0. Hence∫ T
0
∫
Ω
divx(ξδ,κ,r0Dx(uδ,κ,r0))ϕdxdzdt→
∫ T
0
∫
Ω
divx(ξDx(u))ϕdxdzdt.
For the quantum term, recalling (6.1), we have
κ
∫ T
0
∫
Ω
ξδ,κ,r0∇x(
∆x
√
ξδ,κ,r0√
ξδ,κ,r0
)ϕdxdzdt
= −κ
∫ T
0
∫
Ω
∆x
√
ξδ,κ,r0∇x
√
ξδ,κ,r0ϕdxdzdt
− κ
∫ T
0
∫
Ω
∆x
√
ξδ,κ,r0
√
ξδ,κ,r0divxϕdxdzdt
≤ √κ ‖ √κ∆x
√
ξδ,κ,r0 ‖L2(0,T ;L2)‖ ∇x
√
ξδ,κ,r0 ‖L2(0,T ;L2)‖ ϕ ‖L∞(0,T ;L∞)
+
√
κ ‖ √κ∆x
√
ξδ,κ,r0 ‖L2(0,T ;L2)‖
√
ξδ,κ,r0 ‖L2(0,T ;L2)‖ divxϕ ‖L∞(0,T ;L∞)
→ 0
Finally, we prove the convergence of the high order term ξδ,κ,r0∇x△5xξδ,κ,r0. Using
Lemma 2.1, we can prove
‖∇5xξδ,κ,r0‖L2 ≤ C‖∇6xξδ,κ,r0‖
9
11
L2‖ξδ,κ,r0‖
2
11
L3 .
Thus,∫ T
0
δ(
∫
Ω
|∇5xξδ,κ,r0dxdz)
11
9 dt ≤ C( sup
t∈(0,T )
‖ξδ,κ,r0‖L3)
4
9
∫ T
0
δ
∫
Ω
|∇6xξδ,κ,r0|2dxdzdt
which implies δ
9
22∇5xξδ,κ,r0 ∈ L
22
9 (0, T ;L2).
For any test function ϕ ∈ C∞0 ([0, T ]; Ω), we have
δ
∫ T
0
∫
Ω
ξδ,κ,r0∇x∆5xξδ,κ,r0ϕdxdzdt = −δ
∫ T
0
∫
Ω
∆2xdivx(ξδ,κ,r0ϕ)∆
3
xξδ,κ,r0dxdzdt.
Now, we deal with the most difficult term
|δ
∫ T
0
∫
Ω
∆2x(∇xξδ,κ,r0)∆3xξδ,κ,r0ϕdxdzdt|
≤ Cδ 111‖
√
δ∇6xξδ,κ,r0‖L2(L2)‖δ
9
22∇5xξδ,κ,r0‖L 229 (L2)‖ϕ‖L11(L∞) → 0,
(6.11)
as δ → 0.
Similar to the above arguments, we can control the other terms from
δ
∫ T
0
∫
Ω
ξδ,κ,r0∇x∆5xξδ,κ,r0ϕdxdzdt.
Thus, we have
δ
∫ T
0
∫
Ω
ξδ,κ,r0∇x∆5xξδ,κ,r0ϕdxdzdt→ 0
as δ → 0.
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Passing to the limits in (5.7) as δ → 0, κ→ 0 and r0 → 0, we have
∂tξ + divx(ξu) + ∂z(ξw) = 0,
∂t(ξu) + divx(ξu⊗ u) + ∂z(ξuw) +∇xξ + rξ|u|u
= 2ν1divx(ξDx(u)) + ν2∂z(ξ∂zu),
∂zξ = 0.
(6.12)
holds in the sense of distribution on (0;T )× Ω.
Furthermore,thanks to the lower semi-continuity of the convex functions ,we can
obtain the following energy inequality and B-D entropy by passing to the limits as
r0 = δ = κ→ 0∫
Ω
1
2
ξu2 + ξ ln ξ − ξ + 1dxdz + r
∫ T
0
∫
Ω
ξ|u|3dxdzdt
+
∫ T
0
∫
Ω
2ν1ξ|Dx(u)|2dxdzdt +
∫ T
0
∫
Ω
ν2ξ|∂zu|2dxdzdt
≤
∫
Ω
1
2
ξ0u
2
0 + ξ0 ln ξ0 − ξ0 + 1dxdz
(6.13)
and ∫
Ω
(
1
2
ξ(u+ 2ν1∇x ln ξ)2)dxdzdt+ 2ν1
∫ T
0
∫
Ω
ξ|∂zw|2dxdzdt
+ 8ν1
∫ T
0
∫
Ω
|∇x
√
ξ|2dxdzdt+ r
∫ T
0
∫
Ω
ξ|u|3dxdzdt
+ ν2
∫ T
0
∫
Ω
ξ|∂zu|2dxdzdt + ν1
∫ T
0
∫
Ω
ξ|Ax(u)|2dxdzdt
≤
∫
Ω
(
1
2
ξ0(u0 + 2ν1∇x ln ξ0)2)dxdz + E0 + C.
(6.14)
Thus we have completed the proof of Theorem 2.1.
6.4. Proof of Theorem1.2. From Theorem 2.1, we consider the weak solution
(ξ, u, w) of system (1.3). At this level, the weak solutions satisfy the energy inequal-
ity (6.13) and the B-D entropy (6.14), thus we have the following regularities:√
ξu ∈ L∞(0, T ;L2), ∇x
√
ξ ∈ L∞(0, T ;L2) ∩ L2(0, T ;L2),√
ξ∂zu ∈ L2(0, T ;L2), ξ 13u ∈ L3(0, T ;L3),
√
ξ∇u ∈ L2(0, T ;L2),√
ξ∂zw ∈ L2(0, T ;L2),
√
ξDx(u) ∈ L2(0, T ;L2),
(6.15)
In order to prove Theorem2.2, we recall that
ρ(x, y, t) = ξ(x, t)e−y and w(x, z, t) = v(x, y, t)e−y
where ( d
dy
)z = e−y. Forthmore, by the change of variable z = 1 − e−y in integrals,
we obtain the following properties:
‖√ρ‖L∞(0,T ;L2) = ‖
√
ξ‖L∞(0,T ;L2)
‖√ρu‖L∞(0,T ;L2) = ‖
√
ξu‖L∞(0,T ;L2)
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‖ 3√ρu‖L3(0,T ;L3) = ‖ 3
√
ξu‖L3(0,T ;L3)
‖√ρDx(u)‖L2(0,T ;L2) = ‖
√
ξDx(u)‖L2(0,T ;L2)
‖√ν2∂yu‖L2(0,T ;L2) = √ν2‖
√
ξ∂zu‖L2(0,T ;L2)
‖∂yρ‖L∞(0,T ;L2) =
√
α‖ξ‖L∞(0,T ;L2)
where
α =
∫ 1−e−h
0
(1− z)dz
1− e−h
Moreover,
‖√ρ∂yv‖2L2(0,T ;L2) =
∫ T
0
∫ H
0
∫
Ω´x
|√ρ∂yv|2dxdzdt
≤ 2
∫ T
0
∫ h
0
∫
Ω´x
(ξ∂zw
2 + ξw2
1
(1− z)2 )dxdzdt
≤ C
∫ T
0
∫ h
0
∫
Ωx
ξ∂zw
2dxdzdt
and
‖√ρv‖2L2(0,T ;L2) =
∫ T
0
∫ H
0
∫
Ω´x
|√ρv|2dxdzdt
=
∫ T
0
∫ h
0
∫
Ωx
ξw2
1
(1− z)2dxdzdt
≤ C
∫ T
0
∫ h
0
∫
Ωx
ξw2dxdzdt
With the above estimates in hand, Theorem2.2 is proved.
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